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%) Let (X, d) be a metric space. Show that, for anv open subset GG of X, it can
1) (10 %) Let (X, _ 3
be expressed as a countable union of closed subsets of X.

(2) (10 %) If {ry} denotes the rational numbers in [0, 1] and {ay} satisfies > |ag| < +oc,
show that >~ ag|w — 7|72 converges absolutely a.c. in [0. 1].

(3) (15 %) Let C be the space of continuous functions on [— ] nth the supremum
norm. Show that there is no g € L'[—1,1] such that f(0) = [, f ! t)dt for every
fec.

(4) (10 %) Let (X, F, 1) be a finite measure space and f € LY (X, 1) be complex-valued.
Assume that there is a closed set S in the complex plane such that the averages
ﬂ(%) [ fdp lic in S for every E € F with p(E) > 0. Show that f(x) € S for almost
all € X.

(5) (10 %) Let 1 <p < o0, f e LP(R”) and g€ LI(R”) S‘how that f* g e LP(R") and

£ 5l < 11 - g, where £ g(x) = o fla — g(t) dt. = € R
(6) (a) (10 %) Let (€2, Z’ ,u) be a measure space and f € LY(€Q, ¥, ). Show that the
set function F(A) = [, fdu. A € X, is absolutely continuous.

(b) (10 %) Let f be an absolutely continuous function on R such that f(0) = 0
and 1ts derivative is square-integrable with respect to the Lebesgue measure.
Show that

lim ——— =10
t—too /1 + 2

(7) (10 %) Let p be a probability measure on a measurable space €. Suppose that f
and g are positive measurable functions on €2 such that f-¢ > 1. Prove that

/fd,u-/gd,u>l.
Q )

(8) ( 15 %) Let f be an integrable function over the set £ with respect to the measure
. WE, =4{e e E: |f(x)|=n}, n=1,2 ... prove that n-u(E,) — 0 as n — oc.




