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(1) (a) (10 %) Let {f.} be a sequence of measurable functions of the measurable
space (,%, ) such that [ |fuldp < +oc. Show that [ (3 fu)du =

> o fodp

(b) (12 %) Show that [~ gy = 5> ¢ (Hint: using (a) and the in-

n=1 p24a2-
equality |sinu| < |u| for any u € R).

(2) (10 %) Use Fubini’s theorem to prove that [, e dE = 7%,
(3) (12 %) Let f be a real-valued function on R. Suppose that f”(0) exists and is finite.

Show that | N |
7(0) = tim S = 20O + [(=h),

h—0 h?

(4) (12%)Let 1 <p <o, f e LP(]R”) and g € LY(R™). Show that fx ¢ € LP(R") and
1f gl < 1 £llp - gl where £ g(x) = fo. flr—t)g(t) dt, x € R™.

(5) (a) (10 %) Let (€2,%, 1) be a measure space and f € L'(Q, X, p). Show that for

any ¢ > 0, thereis 0 > 0 such that if 4 € X with p(A) < 0, then \ [ fdpl < e

(b) (12 %) Let 1 < p < 400 and f € LP(R). For all x € R, set F(x) = [ f(1)dt.
Show that

|F(x+h)— F(r)|

dM>03 VreR, limsup —
h—0 h|' v

< M.

(6) (12 %) Let (€2, %, i) be a finite measure space. Suppose f € L>(, u), ||f]l > 0
and o, = [ [f["dp (n=1,2.3....). Prove that lim 2= — || f]| .
VAl n—oo 9n

(7) (15 %) Let K be a function defined on R? that is Lebesgue measurable and such
that

A2 — / \K (2, y)|? dedy < 4.
B2

For every function f € L*(R), the function T'f is defined by

1fw) = [ K@f)dy. ¥reR

Show that (a) 7'f is Lebesgue measurable and (b) [|[1'f[l2 < A - |/ f]2.
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