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. (10%) Let (X, F, 4) be a measure space {E,} C F.

(a) If {£,} is a sequence of increasing measurable set, show that ILm E,, exists and
n oC
) I, ) = g ()

(b) Is the identity(+) true if {F,} is a decreasing sequence of sets?

. (10%) Let {f.} and f be measurable functions defined on [0,1]. Show that f, converges to

[ in measure iff every subsequence of {f,} has in turn a subsequence that converges almost
everywhere to f.

. (10%) Ifp>0and [ |f — fil? = 0 as p — oo show that there is a subsequence fy, — f a.e.

in F.

- (10%) Let (X, B, 1) be a measure space and f € L(u).

(a) For any E € B, define a set function v by v(E) = [ fdp, show that v is a signed
Imeasure.

(b) Show that to each € > 0 there exist a & > 0 such that || 5 | fldp < € whenever u(B) < 4.

. (10%) Let 4 be a Borel measure on R and v a probability measure on R!. Suppose that

Ji2 9(¥) dv(y) = 0. Let ¢ be a convex function on R!,Prove that, for any convex function ¢
on R,

J[Lo0@ +snduai 2 [ o) du)

provided that ¢(f) € L(p).

- (15%) Assume that || f[lx < co. Show that [[f]l, = |[flle as p — 0.

- (15%) Suppose that f,g are C'-functions such that g{zo0) = 0.

(a) If ffcco f'(z)g(z) dz: converges as an improper integral in the sense of Riemann integral,
show that [* f(x)g'(2) dz also converges and the following integration by parts formula
holds

| r@sta)ia= [t a

(b) If f'g € L'(R") and [ fg exists in the sense of Lebesgue integral. Show that the
above integration by parts formula also holds.

- (10%) Let (X, F, 1) be a measure space and f be a non-negative measurable function. Define

w(t) = pl{z: fz) > t}.

Show that, for any p > 0,

f fPz)dp(z) = f[, Z dw(t).
rable

. (Q0%)If f is a bounde{ “function on (R!) and g € L'(R!), show that f g is 2 bounded

integrable C? function on JRl
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