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Notation.

M sn(R): the set of m x n real matrices.

1 Let A € M,xn(R). Define Wy = {B € M,,«,(R)|AB = BA}.
a. (5) Show that Wy is a vector space.
b. (7) Let A = [ }1 1 ] Find a basis for Wjy.

2 (10) Let A € Mpxn(R) and B € Muxm(R). Suppose that A # 0 is an
eigenvalue of AB then show that A\ is an eigenvalue of BA.

3 Let O = {Q € M,x,(R)| Q is orthogonal}.
a. (8) Show that O is a group under matrix multiplication.
b. (5) Suppose that @ € O and x € R™. Show that ||Qz||2 = ||z||2.
c. (5) Let # € R™ with ||z||; = 1. Show that H, = I,, — 2x27T is orthogonal.
d. (10) Let b= [1,1,0,1]" € R% Find a unit vector € R* such that
H,b=+/3[1,0,0,0]", where H, = I,, — 2zaT.

4 a. (10) Show that A € M, ,(R) is a positive definite matrix if and only if
there exists an invertible matrix B € M,,,(R) such that A = BBT.
b. (5) Suppose that A is positive definite and Az = y. Show that 2"y > 0.
c. (10) Suppose that 2,y € R™ and 2"y > 0. Show that there is a positive
definite matrix A such that Ax = y.
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a (8) Find the general solution of the system of differential equations

()

2 (t) = Ax(t).

b. (7) Let F(z) = ”fﬁ and 7o = [1,1]". Find lim,,_, o F™(x0).

6 (10) Let A, B € M,«,(R). If B is invertible, then show that there exist a
scalar A € C and a nonzero vector z € C" such that Az = \Bux.




