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(1) (a) (10 %) Let (Q, X, 1) be a measure space, and let { f,}. {¢.} be two sequences of
measurable functions on §2. Assume that (i) | f”| < g, ae foralln (i) f, — f
and g, — g a.c. (iii) g, € LY(Q, 1) \\rlth fQ Gn () pu(dr) fq ¢) p{dx). Show
that f € LY, i) and lim,—o [ fulz) wl{da) = [ fz) p(dz).

V() (10 %) If {r} denotes the rational uumbus in [0.1] and {a;}, a sequence of
real numbers, satisfies >, lax] < +oco, show that >, ap|r — rri 1% converges
absolutely a.e. in [0, 1].

(2) \Aa) (10 %) Use Fubini's theorem and the relation 2 = i~ ™ dt (2 > 0) to prove

A
that limy— fg S“:l

(b) (10 %) Show that f° =5 dr = 5.
(3) (10 %) Show that for f & L([0, 27], A),

dr=Z.

k—o0

2w
lim / fla) coshade =0,
0

where A is the Lebesgue measure.

(4) (10 %) Show that if f € L>=([0,1], A) and for all 2 in NU {0}. fu " f(t)dt = 0 then

f =0 a.e., where A is the Lebesgue measure.
(5) Let (X,F. ) be a measure space.

(a) (10 %) For {Ex} C F, if 3, p{E) < +o0, show that p(limsup Ey) =

b} (10 %) Assumre that p(X) < +o00. If {f,} is a sequence of a.e. real-valued
n
measurable functions in X, show that there exists positive coustants A, such
that {f,./A,} converges a.e. to zero. ‘

V(6 (10 %) Let (X, F, 1) be a finite measure space. Suppose f € L™ (X, 1), ISt > 0.
and a, = [y [f|"dp (n=1,2.3,...). Prove that lim 223 = || f o

\J('T) (10 %) Let fr, f be in LP(R"), 1 < p < co. Suppese that fi — f a.e. and that
supy, | fullp € M < +oo. Show that [ frg — [ fgfor all g € LY(R®), 1/p+1/g = 1.




