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1. (15%) Solve the following recurrence relation.

(a) (distinct real roots) a, = 5an,_; — 6a,—o, with initial conditions
ag = 2, a) = 1.
(b) (root with multiplicity) @, = 6a,_, — 9a,_s, with initial conditions

Qp = a1 = 1.
(c) (distinct complex roots) a, = 2a,_1 — 26, 9, With initial conditions
Qg == 3, o] = —2.
(d} (inhomogeneous) a, = 3a,_; + 2n, with initial conditions ag = 1.
2. (20%)

(a) State the definition of the Stirling number of the first kind Sp k-
Calculate s53. Prove that

Snk = Sn—1k-1 (TL - 1)Sn—1,k-

(b) State the definition of the Stirling number of the second kind S, .
Calculate Ss3. Prove that

Sk = Sne1,b—1 + kSn_1 k-
3. (15%) We say 7 € &, is a derangement if w(i)#ifor1<i<n.

(2) Find the number D, of derangements in &,,.
(b) Prove the identity D, = (n = 1)(D,—y + D,_s).
(c) Prove the recurrence D, = nD,_; + (—1)".

4. (20%)

(a) State the “Lagrange inversion formula”.

(b) Use the ‘Lagrange inversion formula’ to derive the number of binary
trees on n nodes.

5. (10%) Let p(n; k) be the number of partitions of 7 with exactly k parts,
prove that
p(nik) =p(n—1;k — 1)+ p(n — k; k).

6. (10%) Find the generating function
' 2n\
Flz)=>" ( - )z
n>{
of the central binomial numbers M.

7. (10%) Prove that

S,




	page-0001

