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(1) (15 %) Evaluate
lim f (1 _ i) § o2 i
n—=20 J1g n] n

(2) (20 %) For a positive function f on R", let Dy = {(z,t) e R*" xR : 0 <t < f(x)}
and D} = {(z,t) e R" xR: 0 <t < f(2)}.
(a) Show that if f is measurable, then, for p > 0,
f(x)? da —p/ U ({f > ) dt :p/ P n({f > 1} dt,
R 0 0

where g, denotes the Lebesgue measure on R¥ for any & € N,

(b) Show that if f is measurable, ,,41(Dy) = ,unH(D’f) and the graph of f is a
set of measure zero in R™+1,

(3) (15 %) Let fi, f be in LP(R"), 1 < p < oo. Suppose that fy — f a.e. and that
supy, || fxllp £ M < +oc. Show that [ frg — [ fgforallge LI(R™), 1/p+1/q=1.

(4) (15 %) Does there exist a continuous real valued function f(z), 0 < z < 1, such

that 1 .
/ sflzyde="1 and ] g f(z)dz =0
0 0

for n =0.2,3,...7 Give an example or a proof that no such f exists.

(5) (10 %) Let 1 <p<oo, fe€ LP(R“) an(l g € LY(R™). Show that fx g € LP(R™) and
\f*gllp < Ifllp - llglli, where f* g(z) = [ou f(z —t)g(t) dt, z € R™

(6) (15 %) Let (€2, %, ) be a finite measure space. Let {f,} be a sequence of R-valued
measurable functions. Show that f,, — 0 in measure as n — oo if and only if

M( x) —
/szl+|fn(.1.)‘ lp(z) — 0

as n — 00.

(7) (10 %) Let (2, X, u) be a finite measure space. Suppose f € L>(Q, u), || fll > 0,
and an = fo |f["dp (n =1,2,3,...). Prove that lim ***! = || f||.




