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(10 %) Let X be a topological space and let ;1 be a positive Borel measure on X
such that every point has a neighborhood which has a finite p-measure. Show that
every compact set is a finite p-measure set.

(10 %) Let (X, d) be a metric space. Show that, for any open subset G of X, it can
be expressed as a countable union of closed subsets of X,

(10 %) Let H be an infinite-dimensional Hilbert space and ;o be a finite Borel
measure on H. Show that g is not translation invariant.

(10 %) Let (X, F. p) be a finite measure space and f € LY(X, ;1) be complex-valued.
Assume that there is a closed set S in the complex plane such that the averages
@ [ ]; dy lie in S for every F € F with pu(E) > 0. Show that f(z) € S for almost
all r € X.

(10 %) Let 1 < p < oo, f € LP(R") and g € Ll(R'”) Shc)w that f g € LP(R") and

1f = glly < LFllp - gy, where o g(x) = fou fla —t)g(t) dt. x € R™.
(10 %) Let (S_Z ¥, 1) be a measure space and f € LY. X, ). Show that the set
function F/(A) f4 fdp, A e, tends to zero as the measure of A tends to zero.

(15 %) Let (X, F, 1) be a finite measure space. Suppose that fi — f p-a.e. and that
fo.f € LP(X. ). 1 <p<oo. If|fill, <M < +o0, show that [y frgdp — [ fodp
forall g e LY X.p), 1/p+1/q=1.

(10 %) Let p1 and v be two probability measures on the Borel g-algebra of R and f, g
be two real-valued Borel measurable functions on R. Suppose that fR gly)dv(y) = 0.
Prove that, for p > 1.

/ (@) + gy) P dua)dy) > / (@) P du(a).
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( 15 %) Let f be an integrable function over the set F with respect to the measure
ME, ={xeE:|f(x))=n},n=1,2 ... prove that n-pu(E,) — 0 as n — <.




