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Notation.
Monn(R): the set of m x n real matrices.

1 Let A € M,xn(R) be invertible and u, v € R™.
a. (8%) Find the eigenvalues and eigenvectors of uv .
b. (10%) Show that v A~'u # —1 if and only if A +uv' is invertible.
c. (T%) Let =1+4vT A 4 # 0. Then show that

(A+uww ) T=A"1_6 1A 4.

2 Let A, B, X € M,n(R) and AX — XB=0
a. (5%) Show that p(A)X — Xp(B) = 0 for every polynomial p(t).
b. (10%) If A and B have no common eigenvalues, then X = 0.
c. (5%) If A and B have no common eigenvalues, then for each C' € M, (RR),
show that AX — X B = C has a unique solution.

3 a. (5%) State Schur’s theorem.
b. (5%) Apply Schur’s theorem to prove that if A is normal, then there a
unitary matrix U such that U# AU is diagonal.

4 Let e = [1,1,1]" € R% Define T : R* — R? by T(z) = e x z, where“x” is
the cross product.
a. (5%) Show that T is linear transformation.
b. (5%) Find the null space of T
c. (5%) Let W = span{e}*. Show that W is a T-invariant subspace.
d. (10%) Find the eigenvalues and eigenvectors of 7.

5 Let Z(u,v) be the angle between vectors v and v.
a. (5%) Let u,v € R* with |[ulz = ||v||2 = 1. If u'v > 0, then show that

Js

|lu — v|]2 = 2sin(

Z(u,v)
2

b. (5%) Let V = span{v;,v2} be a vector space, where v; = [1,1,1,0]" and

vy = [1,1,1,1]T. Suppose that u; = [1,0,0,0]". Find

min /(uy,v).
veV

c. (10%) Let U = span{U} and V = span{V}, where U,V € M, (R) are
orthogonal matrices. Show that

max min Z(u,v) = arccos(Omax),
ueld wveVy

where .y is the largest singular value of VT U.




