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In the following questions, we use m*(E) to denote the outer measure of E. If E is measurable,
then we simply denote its measure by m(E).

1. (10%) Let f: R — R be a differentiable function. Show that f’ is Lebesgue measurable.

2. (10%) If By and Ej5 are subsets of B™, By C Es, Ey is measurable, and m{ Ey) = m*(Es) < 0,
show that F5 is measurable.

3. (15%) If p > 0, fE |f — fx|? — 0, and fE | fx|? < M for all k, show that

JLET

4. (15%) Let 1 < p < co, f € LP(R™) and g € LY{R™). Prove that f % g € L?(R?) and
1f * gllz < 1 £ 115l gl

where (f * g)(z) = [ F()g{z — 1) dt.

5. (15%) Let gy and g be integrable functions on E such that g5 — ¢ a.e. in E. Let f and f
be measurable functions such that |fi| < gr and fr — f ae. in E. If
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6. (15%) Let E be a measurable set in R? and E, = {y : (z,y) € E}. If
1
m({x s m(Ey) = 5}) = I,

m({y sddx: (y) € B = %}) >0

show that

show that

7. (20%) Suppose that fr, — f ae. and that fi, f € LP(R™), 1l <p < oo. If ||fall, € M < o0,
show that
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for all g € LZ(R™), 1/p+1/p = 1.




