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Notations:
M., (C) : the set of n x n complex matrices.

1. (20%) Prove that A € M, (C) is diagonalizable if and only if there is a
positive-definite matrix P such that P~'AP is normal.

2. (10%) Show that any two of the following three properties imply the third:

(a)A =A% ()A*=A"1 (e)A*=1.

3. (10%) Let A and B be n x n matrices. Show that for any n x n matrix X

rank ([ ,3 )é ]) > rank(A) + rank(B).

4. (10%) Let P3 be the vector space of all real polynomials of degree 3 or
less. Define the inner product < f(z),g(x) >:= fo f(x)g(x)dx. Find an
orthonormal basis of Ps.

A o]

5. (10%) Let A and B be nonsingular matrices. Find [ 0 B ] :

6. (20%) Let V and W be vector spaces, and let 7" : V' — W be linear. If V is
finite dimensional, then nullity(7") + rank(7") = dim(V").

1 1 2
o 2 1 3 .
7. (10%) Let A = 3 1 and b = - | Find z such that ||[Az — b|| <
4 1 7
| Ay — b| for all y € R2.
8. (10%) Let
2 -1 0
Axll
A= -1 2 -1 | and ||A|s =sup | SCHz‘
0 -1 2 w20 ||7|l2

Find || A[[5.




