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Answer all questions.

Full marks can be obtained by satisfactory answers to all questions.

1. (15%) Let U, V be subspaces of a finite dimensional vector space and P; the space of all
real polynomials with degree < 3.

a) Show that dim (U) + dim(U)=dim (U + V) + dim (U N V).

b) If U is the subspace of P; spanned by 1 —x + ¥, x—x2+ x> and V the subspace
spanned by 1 + x,x + x%, x* + x°, find bases for U+ V and U N V.

2. (10%) Let A and B be nn X n matrices. Suppose A> = A, B> = Band [ — A — Bis invertible.
Show that A and B have the same rank.

3. (10%) Given an infinite system of linear equations
Xi+Xipo+X24=0, i=123---
with infinite many unknown x;’s. Find all the solutions of the system and determine
the number of free parameters required for the solutions.

4. (15%) Given two real symmetric n X n matrices A and B.

a) Denoting the maximum and minimum eigenvalues of A by A, and Ay, show
that

<x,Ax >
’lmin < < fllmax-

<x x>

b) If B is positive definite, determine the maximum value of G(x), with G(x) given by
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5. (15%) Let A and B be square matrices which are both nilpotent, i.e. A’ =0and B/ =0
for some positive integers i and j. Prove or provide a counter example for each of the
statements below.

a) A+ Bis nilpotent.
b) If AB = BA, then A + B is nilpotent.

6. (15%) Let A be a real m X n matrix and ||x|| denote the Euclidean norm of a vector x.
Show that

a) there exists a unique non-negative ¢ € R such that ||Ax|| < o||x]| for all x € R" and
|Ax]| = ollx|| for some x.

b) if A is symmetric with m = n, then ¢ = Maximum{|A| : A is an eigenvalue of A}.

7. (10%) Consider a 2 X 2 matrix

1 2
A = .
3 4
Show that every real matrix B satisfying AB = BA can be written as 7l +sA, with r,s € R
and I being the identity matrix.

8. (10%) Let A(s) be the family of square matrices satisfying the matrix differential equation

dA(s) ,
= BAG),

where B is a constant square matrix with the initial condition A(0) = I. Find a necessary
and sufficient condition of B such that A(s) is orthogonal for all s, that is, A(s)" = A(s)™
where A(s)" is the transpose of A(s).




