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(1) (a) (10 %) A real-valued continuous function f is of bounded variation in [0, 1]
and absolutely continuous in every interval |zq, 1], 0 < zq < 1. Prove that f is
absolutely continuous in [0, 1].

(b) (5 %) Please give an example of continuous function but not absolutely con-
tinuous function in [0, 1].

(2) (10 %) Let v, be the volume of the unit ball in R™. Show by using Fubini’s theorem
that .
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(3) Let A be the Lebesgue measure on R.

(a) (10 %) Show that for f € L}([0, 2%, A),

2

lim f(x) sinkx A{dz) = 0.
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(b) (5 %) Assume that {fz} converges weakly to f in L'([0,2x],A). Prove or
disprove that f; — f in L1([0,27], ).

(4) (10 %) Let Z be a subset of R! with Lebesgue measure zero. Show that the set
{z%: z € Z} also has measure zero.

(5) (10 %) Let fz, f be in LP(IR™ A,), 1 < p < 00, where A, is the Lebesgue measure
on R™. Suppose that f — f a.e. and that sup, || fxll, < M < 4o00. Show that

fRﬂ frgdh, — fRn fgdx, for all g € LYR™ X)), 1/p+1/g=1.

(6) (10%) Let f1,..., fr be all Lebesgue measurable functions on R. If Z?:l 1/ps=1/r,
p;,r > 1, prove that
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(T) Let (X,F, i) be a measure space.

(a) (10 %) For {Ey} € F,if 3, p(Ex) < 400, show that u(limsup Ey) = 0.

(b) (10 %) Suppose that f € LY(X,u). Prove that to each € > 0 there exists a
§ > 0 such that [, |f|du < € whenever u(E) < 4.

(8) (10 %) Let g be a function in LR, A) such that [ g¢(z) AM(dx) = 1, where A is
the Lebesgue measure. If f is a bounded function on R and continuous at zg, prove
that
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lim /’f )o("— ) A(d2) = f(zo).




