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Consider   𝐴𝐴𝐮𝐮 + 𝛽𝛽𝐮𝐮3 + 2𝛼𝛼𝐴𝐴𝐮𝐮3 = 𝜆𝜆𝐮𝐮,𝐮𝐮𝑇𝑇𝐮𝐮 = 1. 

Figure 1: (a) 𝜆𝜆 versus the total number of iterations for 
𝛽𝛽 = 5000, 𝛼𝛼 = 10; (b) The relative residual versus the 
total number if iterations for 𝛽𝛽 = 104,  𝛼𝛼 = 10.   ℎ = 1
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for both subfigures.  

(a) (b) 

Figure 3: The number of total iterations “iter” 
versus the matrix size “2𝑘𝑘+5” from 𝑘𝑘 = 4 to 𝑘𝑘 = 12  
(matrix size from 512 to 131072). 

Figure 2: The number of total iterations with different 
choices 𝛽𝛽 and 𝛼𝛼. (a) matrix size 𝑛𝑛 = 2048 (b) matrix 
size 𝑛𝑛 = 16384  

(a) (b) 

Consider   𝐴𝐴𝐮𝐮 + 𝑉𝑉𝐮𝐮 + 𝛽𝛽𝐮𝐮3 + 2𝛼𝛼𝐴𝐴𝐮𝐮3 = 𝜆𝜆𝐮𝐮,𝐮𝐮𝑇𝑇𝐮𝐮 = 1. 

Figure 4: 1D ground state densities 𝐮𝐮∗𝟐𝟐 of NAEP with harmonic potential. (a) 𝛽𝛽 = 1,𝛼𝛼 = 1; (b) 𝛽𝛽 = 1,𝛼𝛼 = 500; (c) 𝛽𝛽 =
100,𝛼𝛼 = 1; (d) 𝛽𝛽 = 100,𝛼𝛼 = 500. 

(a) (b) (c) (d) 

Figure 5: 2D ground state densities 𝐮𝐮∗𝟐𝟐 of NAEP with box potential. (a) 𝛽𝛽 = 1,𝛼𝛼 = 1; (b) 𝛽𝛽 = 1,𝛼𝛼 = 500; (c) 𝛽𝛽 = 100,𝛼𝛼 = 1; 
(d) 𝛽𝛽 = 100,𝛼𝛼 = 500. 

Figure 6: 3D ground state densities 𝐮𝐮∗𝟐𝟐of NAEP with box potential. (a) 𝛽𝛽 = 1,𝛼𝛼 = 1; (b) 𝛽𝛽 = 1,𝛼𝛼 = 100; (c) 𝛽𝛽 = 100,𝛼𝛼 = 1; 
(d) 𝛽𝛽 = 100,𝛼𝛼 = 100. 

(a) (d) (c) (b) 

1. We discretize the MGPE to generate a nonlinear algebraic eigenvalue 
problem (NAEP). 

2. We use Newton-Noda iteration to find the positive ground state of NAEP. 
3.  {𝜆𝜆𝑘𝑘} increases monotonically and is bounded above.  
𝐮𝐮𝑘𝑘 > 0,  𝐮𝐮𝑘𝑘 → 𝐮𝐮∗ as 𝑘𝑘 → ∞ with 𝐮𝐮∗ > 0 . 

4. {𝜆𝜆𝑘𝑘 ,𝐮𝐮𝑘𝑘} converges to the target eigenpair quadratically. 
5. We compare NNI with the matlab function “fsolve”. 
6. We show NNI has the robustness to scalars 𝛽𝛽,𝛼𝛼 and matrix size of 𝒜𝒜(𝐮𝐮).  
7. We observe that the scalar 𝛼𝛼 of  the higher order interaction term is 

dominant from the numerical result. 
 

• Convergent behavior 

• Robustness to matrix size 

• Robustness to scalars 

• Compare NNI to “fsolve” 

• Ground states densities 
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