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Abstract

Introduction

Results and Discussion
Numerical result were calculated for the Burgers’ equation (1) for different 𝑣

with exact solution 𝑢 𝑡, 𝑥 =
2𝑣𝜋𝑒−𝜋

2𝑣𝑡 sin 𝜋𝑥

2+𝑒−𝜋
2𝑣𝑡 cos 𝜋𝑥

, 𝑢0(𝑥) = 𝑢(0, 𝑥), and

𝑔1 𝑡 = 𝑔2 𝑡 = 0. Table(1) shows of TFPM comparison result with

conventional spectral method (CSM) [3]. Spatial domain step size ℎ is 0.02

and time domain step size 𝜏 is 0.001 for all corresponding results. Fig.2,3 and

4 show the summarized data-driven solution of the Burgers’ equation for 𝑣 =

0.1, 0.01 and 0.001 using the data of TFPM and CSM. Table 2 represent the

𝐿2 errors of data-driven solution approximation using PINN algorithm for

various 𝑣. These numerical results show that TFPM can capture the good

enough results in data-driven problems.

Conclusion
In this paper, we present TFPM to find data-driven solutions of Burgers’ equation. Our

numerical results show that the TFPM has the best accuracy in using PINN algorithm for

variant kinematic viscosities. And for machine learning purposes, it is very useful and

efficient for using the TFPM data and for large values of kinematic viscosities.

Methodology

Model Problem:

Consider the viscous Burgers’ equation

where 𝑢 is the velocity, 𝑣 > 0 is the coefficient of kinematic viscosity,

𝑢0 𝑥 , 𝑔1(𝑡) and 𝑔2 𝑡 are prescribed functions for the initial and boundary

conditions respectively.

The TFPM:

Data-driven algorithm:

PINN algorithm is a data-driven method to approximate the exact solution.

This PINN algorithm is a well established deep neural network and it takes

the below form to solve the equation (1).

𝑓 ≔ 𝑢𝑡 + 𝑢𝑢𝑥 − 𝑣𝑢𝑥𝑥 .
Error measurement:

The parameters of neural networks 𝑢(𝑡,𝑥) and 𝑓(𝑡,𝑥) can be learned by

minimizing the mean squared error loss

𝑀𝑆𝐸 = 𝑀𝑆𝐸𝑢 +𝑀𝑆𝐸𝑓,

where
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Here, 𝑡𝑢
𝑖 , 𝑥𝑢

𝑖 , 𝑢𝑖
𝑖=1

𝑁𝑢
denote the initial and boundary training data on

𝑢(𝑡, 𝑥) and 𝑡𝑓
𝑖 , 𝑥𝑓

𝑖

𝑖=1

𝑁𝑓
specify the collocations points for 𝑓(𝑡, 𝑥).

Here we shall construct a tailored scheme for

Burgers’ equation (1) for a local cell Ω𝑖
𝑛

with four neighboring nodes

𝑃𝑖−1
𝑛−1, 𝑃𝑖

𝑛−1, 𝑃𝑖+1
𝑛−1 and 𝑃𝑖

𝑛 as shown in Figure

1. There, ℎ and 𝜏 are the uniform partition of

the mesh size and time respectively.

Avoiding the nonlinear part in (1) and

approximating solution of 𝑢𝑖
𝑛 = 𝑢(𝑡𝑛, 𝑥𝑖) at

the mesh point 𝑝𝑖
𝑛 by linear combinations of

Bessel functions the Burgers’ equation

achieves solutions of high accuracy.

Figure 1: The reference mesh

points in a local cell Ω𝑖
𝑛 .

TFPM CSM TFPM CSM

𝑣 0.1 0.01

𝐿2 3.56 × 10−3 6.04 × 10−1 1.37 × 10−3 1.00 × 10−2

Table 1: The 𝐿2 errors of TFPM and CSM for various 𝑣.

𝑢𝑡 = −𝑢𝑢𝑥 + 𝜈𝑢𝑥𝑥 , 0 < 𝑡 ≤ 1 ,−1 < 𝑥 < 1,
𝑢 0, 𝑥 = 𝑢0 𝑥 , −1 < 𝑥 < 1,
𝑢 𝑡, −1 = 𝑔1 𝑡 , 𝑢 𝑡, 1 = 𝑔2 𝑡 , 0 < 𝑡 ≤ 1,

𝒗
𝑳𝟐

TFPM CSM

0.1 8.30 × 10−3 1.42 × 10−2

0.01 2.32 × 10−1 2.86 × 10−1

0.001 6.16 × 10−1 5.92 × 10−1

Table 2: The 𝐿2 errors of PINN algorithm.
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Burgers’ equation has been used as a canonical example for many discretization problems. Tailored finite point method (TFPM) is one of the best mesh-free method to

solve one-dimensional Burgers’ equation. In this work, we present the importance of TFPM, for different small coefficients of viscosities of Burgers’ equation. The results

indicate that the TFPM data achieves the best solutions. And also, we demonstrate the efficiency of TFPM data with Physics-informed neural network (PINN) which

achieves good accuracy.

In this study we aim to discover one dimensional Burgers’ equation from the scattered data collection in spatial and time domain. The data-driven discovery methods [2],

most of these method rely on neural networks, enabled to govern the PDE using High resolution data sets. Therefore, solved Burgers’ equation data by Tailored Finite Point

Method (TFPM) [1] is used. Physics-informed neural network (PINN) [2] is used to demonstrate the efficiency of TFPM.

Figure 3. predicted solution by PINN for 𝜈 = 0.01 using TFPM (left) and CSM (right).

Figure 4. predicted solution by PINN for 𝑣 = 0.001 using TFPM (left) and CSM (right).

Figure 2. predicted solution by PINN for 𝜈 = 0.01 using TFPM (left) and CSM (right).


