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Results and discussion

Problem description 

Abstract

An [n,d] code is a code of length n in which any two words have Hamming distance at least d. The maximum number of an [n,d] code is 
denoted by A[n,d]. We approach the upper bound of an A[n,d] problem by using linear programming method. Moreover, if some specific 
weight distribution Wi is known, then the upper bound can be smaller. In particular, we can prove A[10,4]=40 by the method.

Consider the n-dimensional vector space over the field of two elements, {0,1}n. The vectors in this space are called words. The Hamming 
distance 𝐝𝐇(x,y) between two words x and y is defined to be the number of coordinate places in which they differ. The Hamming weight |x| of 
a word x equals its distance to the origin. A subset {0,1}n is called a binary code of length n. An [n,d,w] code is an [n,d] code in which all 

words have weight w. For each k,n∈ ℕ, the binary Kravchuk polynomial Kk of degree k is defined by Kk x = σj(−1)j x
j

n−x
k−j

, ∀ x ∈ ℝ.

Given the length and minimum distance of a [n,d] code, we maximize the upper bound of  A[n,d] by linear programming method. Consider 
constraints based on Kravchuk polynomial, we give an upper bound for all positive integers n and even positive integer d, where n≥ d, and by 
the theorem that A(n-1,d-1) = A(n,d), we give an upper bound for all n, d ∈ ℕ.

Conclusions

References
[1]P. Delsarte, “Bounds for unrestricted codes, by linear programing,” Philips Res. Reports, vol 27, pp. 272-289, 1972.
[2]M. R. Best, “Binary codes with a minimum distance of four,”, IEEE Trans. Inform. Theory, vol. IT-26, pp. 738-742, 1980.

Case 2: Adding extra constraints

The weight distribution of a code is the sequence (Wi)i=0
n where Wi equals the 

number of codewords of weight i. Considering the following lemma:
1.Let C be an [n,d] code with d even and with weight distribution (Wi)i=0

n . 

Furthermore, let P, Q, and R be upper bounds for A[n-1,d,
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𝐧 𝐖𝐢 ≤ 𝐧𝐏.

For n=10 and d=4, we have 𝟒𝒙𝟔 + 𝟖𝒙𝟖 ≤ 𝟏𝟐𝟎.
2. Let C be an [n,d] code with weight distribution (Wi)i=0

n .Then σ𝐢=𝟎
𝐧 𝐖𝐢 ≤nA[n-1,d].

For n=10 and d=4, we have 𝟓 + 𝟑𝒙𝟒 + 𝟐𝒙𝟔 + 𝒙𝟖 ≤ 100.

By adding the above inequalities, we show that A[10,4]=40.
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Case1: Optimize using Kravchuk Polynomial

The distance distribution is the sequence ( Ai)i=0
n where Ai equals the average number 

of codewords at distance i from a fixed codeword, in other words,

Ai=
1

|C|
σx∈C yหy ∈ C ∩ dH x, y = i .

From P. Delsarte [1], σ𝐢=𝟎
𝐧 𝐀𝐢𝐊𝐤 𝐢 ≥ 𝟎 for all k∈ 0,1, … , n holds for binary codes of 

length n and distance distribution ( Ai)i=0
n . Combining the important inequality with 

some other inequalities : 𝐀𝐢 ≥ 𝟎 for all i∈ 1,2, … , n , 𝐀𝟎 = 𝟏,and 𝐀𝐢 = 𝟎 for all 
i ∈ 1,2, … , d − 1 , for [n,d] codes, we have the constraints of M=σ𝐢=𝟎

𝐧 𝐀𝐢.By convex 
optimization CVX , we show that A[10,4]=42.

Now, the weight distribution is introduced and we can develop some constraints to 
improve the upper bound constrained by Kravchuk polynomials, where the new 
constraints give credit to M. R. Best [2].

We give an upper bound for any [n,d] codes, independently not need to know any other information. By adding extra constraints, we can 
improve the bound and is possible to achieve some known actual value. However, the extra constraints do depend on the [n,d,w] cases, 
which is not trivial and has no general theorem to obtain the values. 
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