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(P-1) Find a such that f(z) = cosmz + v/a — 22 has its domain [—5, 5].

B

(P-1) Ans. a = 25.
The domain of f(z) = cos mx++/a — 2?2 is defined for = such that f(z) exists. Hence

Domain of f = {z:a — 2* > 0}

) @ if a <0,
| [~va. va ifa>o0.

Hence domain of f is equal to [—5, 5] if and only if v/a =5 or a = 25.



£—E (mREER) &8

(1-1) What is the limit of f(z) = 4 as x approaches 7?
(1-2) What is the limit of f(z) = 2z + 1 as x approaches 07

VaT 1124
(13 il s Uiy o W S 12—

z—2 Tz — 2

1 1
(1-4) Find the limit of lim < + )
g =1 43

z—1 2_3x+2
2
6
(1-5) Find the limit of lim — 2 —°
r—2~ |.Z‘ — 2|

12—

(1-6) Let f(z) = 5y —

(A) lim f(x); (B) lirgl f(z); (C) 111;1+ f(x). (D) Is the line y = 3(z + 1)
T—r00 T2~ T—
a slant asymptote of the graph of f.

3
T Answer the following questions:

1—cosh

(1-7) Evaluate ]lllg(l) =

(1-8) Which of the following statements are not true?
(A) lim 5% =0; (B) lim =% =1; (C) lim == = 15 (D) lim 7% = 0;

T——00 Z

(1-9) Find the limit of lim S202)

z—0 Z

(1-10) What is the limit of f(x) = fa7 @  approaches 0 from the left?

(1-11) Find the limit of linéJr(—S ||z|| —8), where f(z) = |x] represents the greatest
T——

integer which is smaller or equal to z.
(1-12) Find the limit of lim /z cos? L.
z—0

(1-13) Consider the function

2

51 T <l
f@y=¢ 1 2=1,
=2 >,

Then at point x = 1, is f continuous? continuous from the left? continuous
from the right?

(1-14) A business has a cost of C' = 1.7x + 700 for producing = units. The average

cost per unit is C' = % Find the limit of C' as = approaches infinity.

(1-15) Suppose that f and g are continuous functions with f(5) = 5 and lin% (2f(z)—
T—
g(x)) = 6. Find ¢(5).




(1-16) Which one of the following functions is not continuous on R?

(A) f(z)=2*+2+1; (B) f(z) = i; (C) f(x)= a:21+ T (D) none of above.

(1-17) Is it true that if f is continuous at a, then so is |f|?

(1-18) Find all the z-values at which f(z) = ;Ss_‘gi is not continuous.

4—12 z<e,

x T > c,

(1-19) Find the value of ¢ such that f(x) = { is continuous on R.

(1-20) For what values of z is

5} r =3,
continuous?
0 € Q, :
(1-21) For what values of = is f(z) = { reQ continuous?
r x € Q°
4 € Q, .
(1-22) For what values of = is f(z) = ) v reQ continuous?
xr*+3 xeQ°

(1-23) Is it true that if x = a is a vertical asymptote of y = f(x), then f(a) exists.
8

x2—4

(1-24) Let f(x) = — Does f(x) have vertical asymptotes? How many, if any?
(1-25) Find the vertical asymptotes (if any) of the function f(z) = tan(15z).

(1-26) Find the horizontal asymptotes (if any) of the function f(x) = v/26 + 523 —a3,
z > 0.

(1-27) Consider f(x) = 7x 4 cosz. Then f(x) has a slant asymptote y = 7x?

BE

(1-1) Ans. 4.
Since f(z) = 4 is a constant function, it is continuous on R. So lim f(x) = f(7) = 4.
T—T
(1-2) Ans. 1.

Since f(x) = 2z + 1 is a polynomial function, it is continuous on R. So 1im0 f(z) =
z—

J(0) = 1.



Vat4+12 -4 lim (Va2 +12 —4)(Va? + 12+ 4)
=2 T —2 T2 (x —2)(Vx2 + 12 +4)
(Va2 +12)% — 4

= lim
=2 (r —2)(Va? + 12+ 4)
, 2 —4 , (x —2)(x+2)
= lim = lim
o2 (= 2) (Va2 +1244) =22 (z —2)(Va? + 124 4)
x+2 2+2 1

= lim = = .
eo2 12+ 1244 /2241244 2

(1-4) Ans. —1.

I 1 n 1 ! 1 n 1
im = lim
a1 \z—1 22—-3x+2 e=1i\z—1 (r—1)(z—2)

(1-5) Ans. —5.
Since |r — 2| = —(x — 2) whenever z < 2, we have that
2 2
— - -2
fim S0 A6 @-2)E+3)
e—2-  |x— 2| T—2- (x —2) T2 (z —2)
= lim —(z+3)=—(2+43)=—-5.
T2~

(1-6) Ans. (A) +o0; (B) —o0; (C) +o0; (D) No.

_3
(A) lim g;:i = lim 2_; =400 (. lim (z — 2) = 400 and lim (2 - 2) =2,
T—00 T—00 x T—00 T—00

. . 2 o . o o . T z2—-3
(B) Since glgl_)rr%(x 3) =1 and glcl_)rré(Qx 4) = 0, we have that :161_% flz) = 3161_% 51

does not exist. Moreover, since 2x — 4 < 0 whenever x < 2, we conclude that
lim f(x) = —o0.

T2~

(C) By similar argument as above and since 2z — 4 > 0 whenever x > 2, we
conclude that lim f(x) = +oc0.

z—21

(D) We compute that

1 2 —3 1 x—1
_ = 1) = _ = 1) =
f@) =gt =g — -5+t )=

Hence, lim [f(z)— 3(z +1)] =4 #0. It implies y = 3(x + 1) is not a slant

T—7F00

asymptote of f.

In fact, to find a slant asymptote of f, we compute that

f(@) - (ax + p) = 24T +§fﬁ;b)x+(4b—3)'

Then it can be found that lirin [f(z) — (ax 4+ b)] = 0if and only if —2a+1 =0
T—>T 00

and 2a — b = 0. Equivalently, a = 1/2 and b = 1. Consequently, y = %:c +1is
a slant asymptote of f.



(1-7) Ans. %

2

Note that
cos(20) = 1 — 2sin*(#)
& 1 — cos(26) = 2sin?(0)
& 1 —cos(h) = 2sin?(h/2) (by letting h = 26).
” h 2(1/2)
.1 —cos . 2sin 2
iy = g
2sin?(x) )
= ilir(l] o (by letting x = h/2)

~ i (““f))z

(1-8) Ans. (B) is false.

(A) lim #22 — st _ ();

T—rT
(B) Let y = 1/1; Then z — oo is equivalent to y — 0%. So lim & =
T—00
lim ysm = =0 by Squeeze Theorem,;
y—0t
(C) lim 2L = 1;
z—0 ¥
(D) Let y = 1/x. Then  — —oo is equivalent to y — 07. So lim =2z —
T—r—00
lim ysint = 0 by Squeeze Theorem.
y—0— v
(1-9) Ans. 1.
lim $2602) — Jiy [MS‘”] Note that hm S — 1. On the other hand, let y =
z—=0  F z—0 [ ST —0
sinz. Then since x — 0 implies that y — O, we have that lln’(l) % = liH(l] Smy(y) =
Y—

1. Hence, lim sin(sinz) __ lim [Mw] [11 sin(sin x } [l im smx] -1

z—0 z x—0 sinx z z—0 sinz z—0

(1-10) Amns. -1.

Since when z is negative, f(z) = ) = =5 = —L1, we have that lim flz) =
z—0~

lim -1 =-1.

z—0~

(1-11) Ans. —23.
Since, for z € (—6,—5), |z| € (5,6) and hence —3||z|] —8 = —-3-5—-8 = —-23. It
implies that lim (—3||z|| —8) = —23.
z——61

(1-12) Ans. 0. Because 0 < \/Ecos < y/z for all > 0, and hH(l)O = lim /z =0, we

z—0t

have that lim+ v cos? L = 0 by Squeeze Theorem.
z—0



(1-13)

(1-14)

(1-15)

(1-16)

(1-17)

(1-18)

(1-19)

Ans. At z =1, f(x) is only continuous from the left but neither continuous from
the right nor continuous.

By direct computation,

2 -1 1
lim f(z) = lim T8 im oz —1) — lim —— = =,
z—s1- es1l- 22 —1 s (x+1)(x—1) o1 (x4+1) 2
5 _ x3—x_ ) m(xg—l)_l, 1
Jm fle) = lim S = lim —h g = ime =1

Since f(1) = 1/2, we conclude that, at x = 1, f(x) is only continuous from the left

but neither continuous from the right nor continuous.

Ans. 1.7.
By direct computation, lim C' = lim 2200 — 1.7,
Ans. 4.

Since f is a continuous function with f(5) = 5, hITé f(z) = f(5) = 5. Moreover, by
T—r
the condition, lirr% [2f(x) — g(x)] = 6, we have that
z—
lim g(z) = lim {2 (z) — [2f(z) — g(2)]}
T—5 T—5
=2lim f(x) — lim [2f(x) — g(z)] = 10 — 6 = 4.
T—5 T—5
It follows that g(5) = liné g(z) = 4 since g is a continuous function.
T—r
Ans. (B).
(A) f(z) =2*+ x + 1 is continuous on R since f is a polynomial;

1
(B) f(x) = — is Not continuous on R since lim = oo;
x z—0t+

1
(C) f(x) = 1 is continuous on R since 22 +1>1> 0 for all z € R.

Ans. It is true.
Since g(z) := |z| is a continuous function on R, and, by condition, f is continuous

at a, we get that |f|(x) = (g o f)(x) is also continuous at a.

Ans. r =0,2.
The possible points for f(x) = % at which f is not continuous must satisfy
2?2 —2x =0, i.e., v = 0,2. Moreover, since both cos(0) # 0 and cos(4) # 0, we have

that f(x) is not continuous at points x = 0, 2.
Ans. ¢ = “EVIT
. C S

Note that both 4 — 22 and x are polynomials so they are continuous on R. Hence

f(z) defined by
fa) = { 4—2? x<e,

x T > c,

6



(1-20)

(1-21)

must be continuous on R — {c} for any ¢ € R. To make f(z) is also continuous at

¢, it suffices to let f(c) = lim f(z) = lim f(x). Equivalently, f(c) =4 —c*=cor
r—Cc— Tr—rC
24+ c—4=0. That is, ¢ = #ﬁ

Ans. R.

z2—2—6
r—3

have that £=2=6 is continuous on R — {3}. Hence function f defined by

5
fz) = { TEb g 3,

Since is a rational function and its denominator is nonzero for x # 3, we

5) r =3,
is continuous on R — {3}. Moreover, at x = 3, since f(3) = 5 and, by direct
z2—2—6 (z=3)(x+2)

computation, lim f(z) = lim = lim = lim(z + 2) = 5, we obtain
z—3 z—3 z—3

r— x—3 z—3

that f(3) = lin% f(z). So f(zx) is continuous at z = 3. In summary, f is continuous
T—

on R.

Ans. z = 0.

Case I: We first show that, the limit hH(l) f(z) = 0. It is easy to see that —|z| <
T—

f(z) < |z|. Then, by Squeeze Theorem, lin%f(x) = 0 since lin%—|x| =
T— T—

lim |x| = 0.

z—0

Case II: We now show that, for any p# 0, the limit lim f(x) does not exist.
T—p

(RE&E) Suppose that the statement is false. That is, lim f(x) = L for some
T=P
L € R. Then we first note that, by definition of the limit,

Ve > 0,360 >0s.t. |f(z) — L| <&, whenever 0 < |z —p| <. (1)

Take ¢ = %> 0. Then, by (1), we get that

361 > 0s.t. |f(z)— L| < ‘%, whenever 0 < |z — p| < d;.
Define
(52 = min{(sl, %} (2)
Then
|f(z) - L| < |%|, whenever 0 < |z — p| < Js. (3)

Choose arbitrary rational number r and irrational number s satisfying
0<|r—plls—p| <d. (4)

Then, by (3),
|f(r) — L] < % and |f(s) — L| < %'.



(1-22)

(1-23)

(1-24)

(1-25)

(1-26)

It follows, by triangular inequality, that

70 =SS0 - H e ol < G B =Tnl

2
=10 5] = Is| < 3]
by the definition of f. Consequently,

Ip| = |s+ (s = p)| < |s| + |s — p
2
§§|p|+52 (by (5) and (4) )
2 p|
<z P by (2
_3|p|+5 (by (2))
_E’|
—15]7,

a contradiction. Hence, the statement “for any p# 0, the limit lim f(z) does
T—p

not exist” is true.

Ans. © =1,3.
We compute that 4z = 2% + 3 if and only if 2* — 4z + 3 = (z — 1)(z — 3) = 0,
equivalently, x = 1,3. Hence f(z) is continuous at x = 1,3. Remark that to prove

this question is somewhat difficult. Here we give a simple explanation: The limit
lim f(z) exists & lim f(z)= lim f(z).
T—C z€Q—c

z€QC—c

Ans. No.
For instance, for f(z) = 1, 2 = 0 is a vertical asymptote of y = f(z). However,

f(a) does not exist.

Ans. Two (r = —2 and = = 2).
Since f(z) = —=

f has a vertical asymptote at point p if and only if the denominator of f(p), i.e.,

is a rational function with positive numerator, we have that

p? —4 = 0. That is, p = +2. Consequently, f(x) has two vertical asymptotes, i.e.,

r=—2and z = 2.

Ans. v = ¢, where ¢ € {5f + IF :n € Z}.

Since function f(z) = tan(x) has vertical asymptotes at v € {§+nm : n € Z}. Hence

nm .

5
n € Z}. Hence the vertical asymptotes of the function f(x) = tan(15z) are = = ¢,

where c € {5 + 5% 1 n € Z}

the vertical asymptotes of the function f(x) = tan(15z) occur at x € {5 +

Ans. y = g



We compute that

lim f(z)= lim _\/:B6—|—5:B3—x3}

r—+o00 rz—+oo L

[ (V% + 523 — 23)(Va® + 523 + 2%)

= lim
z—+0o Vab 4 5z3 + a3
0 53 }
= lim
z—£00 | /6 4+ 53 + 3
5 5
= lim |—| =

r—>:|:oo_/1+5z%+1 2

Hence the horizontal asymptote of the function f(z) = v/ab + 523 — 23 is y = 2.

(1-27) Ans. No.
We compute that lirjlcl [f(z) — (Tz)] = liI:El cos(x), which does not exist. Hence,
T—>00 T—r 00

y = Tz is not a slant asymptote of f(z) = Tz + cosz.



B8 (o) &H

(2-1) Is it true that if f is continuous at a, then f is differentiable at a?

t —1
(2-2) Find the limit of lim an#.
= T — %

22016

(2-3) Find the limit of lim
z—1

z—1

(2-4) Find the derivative of f(x) = v/10.

(2-5) Find the derivative of f(z) = 4.

T

r—1
z+1

(2-7) Find the derivative of f(x) = cos(2z* — 6).

(2-6) Find the derivative of f(z) =

(2-8) Find the derivative of f(z) = sin®(7z — 2).

(2-9) Consider f(x) = g(hh(f))), where g(z) and h(z) satisfy ¢(3) = 3, ¢'(3) = 7,

h(6) = 3, '(6) = —2. Find f'(6).
(2-10) For what values of a and b will

f(z) ar +b < —1,
€Tr) =
az® +z+2b > —1,

be differentiable for all values of x?
(2-11) If f(x) = /zg(x), where g(4) = 8 and ¢'(4) =7, find f'(4).

(2-12) Find f'(x) if it is known that - f(2z) = 22.
2016
(2-13) Find 52006 cos(x).
(2-14) Suppose that f'(a) = 1 for some constant a. Then find the possible value a
fl@)—fla) _ 37

for the limit iliré 1

(2-15) Find an equation for the line that is tangent to the curve y = 3 — z at the
point (—1,0).

(2-16) Determine the slope of the graph of z?y* — 2z = 4 — 4y at the point (2, —2).
2-17) Find the tangent line to the ellipse 22 4 ¥ — 1 at the point (2, —v/3).
16 1 4

(2-18) Find the slope of the tangent to x® + xy — cos(zy) = 0 at the point (1,0).

10




B
(2-1) Ans. No.

Consider f(x) = |z|. Then f is continuous at 0 but f is not differentiable at 0.

(2-2) Ans. 2.
Since tan(m/4) =1,

t -1 t —t 4
im 2t 2 — = lim ane af(ﬂ/ ) = tan’(7/4) = sec?(7/4) = 2.
a=g T — 7 =7 T =y
(2-3) Ans. 2016.
:1)2016—1

It is easy to see that lim £=== = /(1) for f(z) := 2. Since f'(z) = 2016221
T—
and f'(1) = 2016, we have that lim 2201 — 9016.
Tr—r

z—1 =

(2-4) Ans. 0.
Since f(x) = /10 is a constant function, f'(x) = 0.

(2-5) Ans. —4dx >,
Consider f(z) = z~*. Then, by direct computation, f'(z) = —4x=°.

1 41
(2-6) Ans. ~1/ vt :
(x+1)2Vao—-1

-1
Consider f(z) = ’ 1
x

d jr—1 i\/_ da—1
deVz+1  |dy yy:% drx+1
1
2

1] (@+1)—(z—1)

. Then, by the chain rule,

xz—1 (:E —'I_ ]-)2

T+l

1 jz+1 2
2V —1(z+1)2

_ 1 r+1
S (w+1)2V -1
(2-7) Ans. —(82%)sin(2z* — 6).

Consider f(z) = cos(2z* — 6). Then, by the chain rule,

d d d
o cos(2x ) {dy COS y} e [da:( x )1

=[- Sin(y)]yzzxLG [85’73]
= —(82%)sin(22* — 6).

11



(2-8) Ans. 27sin(rz — 2) cos(mx — 2).
Consider f(z) = sin®*(mz — 2). Then, by the chain rule,

d d , d . d
— —2)=|— — —(rz —2
dx o (7“[: ) |:de :| z=sin(rz—2) |:dy Sln(y):| y=nr—2 |:d£l? <7Tx ):|

= [22] —sin(re—2) [€OS(Y)]y— g2 [(7)]
= 2sin(mx — 2) cos(mx — 2)(m)

= 2w sin(mz — 2) cos(mx — 2).

(2-9) Ans. —4.
. _ g(h(z))
Consider f(z) = W Then, we compute that
d _ d g(h(z))
&' = W
_ [9(h(@))] h(z) — g(h(x))H(z)
[h(x)]”
_ g (h(=@))W' (x)] h(z) — g(h(z))h'(z)
h(z)]*
Then, since ¢(3) =3, ¢'(3) =7, h(6) = 3, K'(6) = —2, we have that
1y _ 19/ (h(6))R'(6)] h(6) — g(h(6))h'(6)
f(6) = 2
[1(6)]
_ [gBI6) 3 - g3)H()
[3)°
CM(=2)]-3-3-(-2) —14+2 W
] 3P B

(2-10) Ans. a = —1/2 and b= 1.

Consider
ar +b r < -1,
f2) = { ar® +x+2b x> —1.
Note first that, since f(z) is of polynomial form on intervals (—oo, —1) and (—1, 00),
we get that f is differentiable for z € R — {—1}. Secondly, to have f be also
differentiable at —1, it suffices to show that the chosen (a, b) can make the following

two assertions (a)—(b) hold true.

(a) fis continuous at 1,i.e, lim f(x)= lim f(x).
T——1" z——171
SR : : : f@)-f=D) f@)—f(=1)
(b) f is differentiable at 1, i.e, xEEI}* = xgr_nﬁ ey
In fact, we compute that lim f(z) = —a+b, lim f(x) = —a—1+2b, lim Lﬁ_l) =
z——1— z——1+ es—1- (=1

a and lim w = 3a + 1. Then, to have (a)-(b), we solve that

z——1+ @71

—a+b=—-a—-1+2b
a=3a+1

12



Then we find that a = —1/2 and b = 1.

(2-11) Ans. 16.
Let f(z) = v/zg(x). Then, by direct computation, f'(z) = ﬁg(az) + Vzg ().
Then, since g(4) = 8 and ¢'(4) = 7, we have that f'(4) = ﬁg(ﬁl) +V4g'(4) =
1:8+2-7=16.

(2-12) Ans. f'(x) = 2?/8.
Note that, by the chain rule, L f(2z) = 2f'(2z). Then, by the condition, -£ f(2z) =
x?, we have that 2f'(2z) = 2% It implies that f/(2z) = 2?/2 and hence f/'(X) =
(X/2)?/2 = X?/8 by letting X = 2x. Equivalently, f'(z) = z?/8.

(2-13) Ans. cos(z).

Note that p
e cos(z) = —sin(z),
x
d2
3 cos(x) = — cos(z),
x
43
e cos(x) = sin(x),
T
d4
o cos(x) = cos(x),
T

It is then easy to see that -L- cos(z) = cos(z) for all {n = 4m : m € N}. Hence

J2016
23016 cos(z) = cos(x).
(2-14) Ans. a = 1.
Note that
L@ @) [f@) -~ f@) z—a
r—a \3/5 -1 T—a r —a \3/5 —1
= f'(a) lim P iy 2O

m%a\g’/i—l z—a Jxr — 1
= if Ya#1
| lm gy i Ya=1

r—r

0 ifa#1,
] lim 5= ifa=1

Tr—a

Hence, the possible value a for the limit lim % =3 is 1. In fact, form above,
r—a

13



we compute that, for a =1,

@)= fl@) =1

lim VT —1 aeslyz—1
i = DIV + (Vo) + 1
=1 (Vo — 1) [(Ve)? + (Vo) + 1]
i @ DI+ (Vo) + 1
z—1 (\«75)3_1
= lim [(V2)* + (Vo) +1] =3

(2-15) Ans. y = 2(x + 1).

By definition, the equation of the tangent line of curve y = 3

— x at the point

(—1,0) is
dy
y-0="22 o = (~1)
(xvy):(flvo)
Sy = (3.1'2 — 1)(x’y):(,1,0) (33 -+ 1)
Sy=2xz+1).
(2-16) Ans. I.

From the equation x%y? — 2z = 4 — 4y, we compute that
(22)y° +2°(2yy') — 2 = —4y/
& (20% +4)y =2 — (22)y?
1 — ay?
sy ="
Y x2y + 2
if 22y + 2 # 0. Hence, the slope of the graph of z%y? — 2z = 4 — 4y at the point

- 1-2(=2)2 7
(2,-2)is 23 = 6

(2-17) Ans. y = Y28,

5
From the equation % + % = 1, we compute that
2z 2yy’
6 4
Sr+4dyy =0

—X

0

if y # 0. Hence the tangent line to the ellipse f—z + % = 1 at the point (2, —/3) is

y—(—V3) = 4.(:3/5) (x — 2) or, equivalently y = 4.(:3/3) (x—2) -3 = \/5(96078).

(2-18) Ans. —3.
From the equation 23 + zy — cos(zy) = 0, we compute that

32° +y +ay —sin(xy) - (y +2y') =0

Hence at point (1,0), we have that the slop (y') satisfies 3+y' —sin(0)- (0+y') = 0.
Equivalently, 3/ = —3.

14



B=8 (HoER) &R/

(3-1) Find all critical points of f(z) = ¥/3(x — 4).
(3-2) Find all critical points of f(z) = sin |x|.

(3-3) Consider the function f(z) = 2® — 322 + 1, —3 < z < 4. How many crit-
ical points do f have? Does f have an absolute maximum or an absolute

minimum?

(3-4) Find the absolute maximum value of the function f(z) = zv/9 — 22, —3 <
r < 3.

(3-5) Find the intervals where the function f(z) = 21/30 — 22 is increasing.
(3-6) Consider f(r) = 2* — 622 + 1.

A
B
C
D

Find the intervals such that f increasing;
Find the intervals such that f decreasing;

(A)
(B)
(C) Find all the inflection points of f;

(D) Find the absolute minimum value of f.

(3-7) How many real roots does the equation 4z° + x* + 2z + 4 = 0 have?

(3-8) How many solutions does the equation z° — 7z + ¢ = 0 have in the interval
[—1,1]?

(3-9) Consider f(z) = 7x + cosx. Which of the following statements is true?

(A) f(z) has infinitely many roots.
(B) f(x) is a periodic function.

(C) f(x) has exactly one root.
(3-10) Which one of the following statement is false?

(A) If f'(z) exists and is nonzero for all z, then f(1) # f(0).
(B) If f is even, then f is even.
(C) If f is increasing and f(z) > 0 on an interval I, then g(x) = 1/f(z) is

decreasing on [.
(3-11) Find the point on the line y = 4x + 8 that is closest to the origin.

(3-12) How many points of inflection does the function f(z) = 2% — 1522 + 1 have?
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(3-13) Which one of the following functions has no inflection point at x = 07
(A) f(z) =22 (B) f(z) =27 (C) f(z) =2 (D) f(z)=sinz;
(3-14) The graph of the function f(z) = cosx on the interval (7/2,7) is

(A) increasing; (B) decreasing; (C) concave upward; (D) concave downward.

(3-15) The graph of the function f(x) = x* — 423 + 10 on the interval (2, 3) is

(A) increasing; (B) decreasing; (C) concave upward; (D) concave downward.
(3-16) Find the differential dy of y = v/z at x = 4 with dz = 3.
(3-17) Find the differential dy of y = x cos(7z).

(3-18) Use the linear approximation of the function f(z) = /9 — z to approximate

Vv9.09.

(3-19) Consider

0 if =0,
fe) = { zsin() if z #0.

z
Which of the following statements are true?
x) is differentiable at x = 0;

x

is continuous at z = 0;

) flz)
) f(z)
) f(x) has a global maximum value;
) f(x) has an inflection point.

(3-20) Consider

0 if v =0,
fl) = { zsin(L) if z #0.

Which one of the following statements is false?

(A) The Intermediate Value Theorem can be applied to f on the interval
[_17 1]7

(B) The Mean Value Theorem can be applied to f on the interval [—1, 1];

(C) —lz] < f(=z) < |=|.

B

(3-1) Anms. 0, 1.
We compute that f/(z) = 273 (x —4)+ 2!/ = 32723 (x — 4+ 32) = 32723z - 1).
Hence, the critical points of f(z) are 0 and 1.
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(3-2) Ans. 0, x = § +nm, n € Z.
By the definition of f(z) = sin(|z|),

e Asx >0, f(x) = sin(z) and hence f'(z) = cos(z). So f'(z) = 0 if and only if
r =% +nm,neNU{0}.
e Asz <0, f(z) = sin(—z) and hence f'(x) = —cos(—z). So f'(x) = 0 if and
only if # = =% —nm, n € NU{0}.
o At z =0, we compute that
£(0) = Tim sin(|x|) — sin(0)

z—0 x—20
sin(|x])

= lim
x—0 x
sin(x) -1

T

lim
_ z—0t

lim o) iy Zsine) g
z—0~ z—0~

It means the right-hand and the left-hand derivative of f(x) are not equal. So
1'(0) does not exist.

Hence the critical points are z = 0, x = § +n7w, n € Z.

(3-3) Ams. 2 critical points; f has the global minimum at x = 2; f has no global maxi-

muin.

By the definition, f(z) = 23 — 32% + 1, —% < z < 4. We then compute that
f'(z) = 32* — 62 = 3z(x — 2). Hence the critical points of f are 0 and 2. Note
that both 0 and 2 lies in [—1,4).

« We compute that f”(z) = 6(x—1), f”(0) = =6 < 0 and f”(2) =6 > 0. Hence
f has an local maximum at 0 and an local minimum at 2.

« We compute that f(0) =1, f(2) = =3, f(—3) = 5 and xliril_ flz) =17. It
follows that f has global minimum at z = 2 but no global maximum (since

Tim f(2) > (0) > )

(3-4) Ans. 7.
Let f(z) = 2v/9 — 22, =3 < 2 < 3. Then we compute that

—2x
() = V9 — z2 -
f@) SN
2
Y
V9 — 22

99— 212

T
Hence, the critical points of f are x = j:\%. Next, we compute f(—3) = f(3) =0,
f(=3) = -3, f(\%) = 2. Tt implies that the maximum value of f is 2, which

V2 2 29
3
occurs at 75
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(3-5)

(3-6)

(3-7)

(3-8)

Ans. (—/15,1/15).
Let f(z) = /30 — 22. Then the domain of f is [~1/30,1/30]. Then we compute
that

—2x
) =30 — 2t 22
f@) Y B0 - 2

2
V302
V30 — 22

30— 2a2?

VB —a?
So, in [—+/30,v/30], f'(x) > 0 if and only if € [—/15,4/15]. It means f is
increasing on [—+/15, v/15].

Ans. (A) [-/3,0) and [v/3,0). (B) (—o0, —v/3] and [0,/3]. (C) £1. (D) —8.
Consider f(z) = 2* — 622 + 1. We compute that f/(z) = 423 — 122 = 4x(2® — 3).
Hence f'(z) = 0 if and only if 2 = 0, £+/3. Moreover,

(a) f'(z) >0 < 2 € (—/3,0) or (v/3,00). It implies f is increasing on [—v/3,0)
and [V/3, 00).

(®) fl(r) < 0 & o € (—o0,—+/3) or (0,4/3). It implies f is increasing on
(—o0, —v/3] and [0, v/3].

Next, we compute that f”(z) = 122% — 12 = 12(2* — 1). So f”(z) = 0 if and only if
x = £1. Moreover, we observe that f”(z) > 0 whenever z € (—o0,1) U (1, 00), and

f"(xz) < 0 whenever z € (—1,1). Hence £1 are the inflection points.
Finally, since f(0) = 1, f(+v3) = =8, lim f(z) = oo and lim f(z) = oco. It
T—00 Tr——00

means that the absolute minimum value of f is —8.

Ans. 1.

Let f(z) = 42° + 23 + 22 + 4. Then we compute f'(z) = 20x* + 32% +2 > 0 for

all x € R. It means f is increasing on R. Hence f has at most 1 real root. On the

other hand, since lim f(x) = —o0 and lim f(x) = co. By the intermediate value
T—00

T—r—00

theorem, f has at least 1 real root. In conclusion, f has exactly one root.
Ans. f has at most one root on [—1,1].

Let f(x) = 2% — 7Tz + ¢, where x € [—1,1]. We compute that f'(z) = 52* -7 <0
on [—1,1], which implies that f is decreasing on [-1,1]. So f has at most 1 root on
[—1,1].

More precisely, by the intermediate value theorem and since f(—1) = 6 + ¢ and
f(1) = —6 + ¢, f(x) has exactly one root if f(—1)f(1) < 0 (i.e., ¢ € [—6,6]).
Otherwise, if ¢ ¢ [—6, 6], f(x) has no root in [—1, 1].

Ans. Ounly (B) is true.
Let f(z) = 7Tx 4+ cosz. Then we compute that f'(x) = 7 —sin(z) > 6 > 0 for all

18



x € R. It implies that f is increasing and hence it has at most one root. Moreover,
since lim f(z) = —oco and lim f(z) = oo, we have that f has at least one root,
T——00 T——00

by the intermediate value theorem. In conclusion, f has exactly one root. Remark

that this also implies that f is not a periodic function.
(3-10) Ans. Only (B) is false.

(a) (A):“If f'(z) exists and is nonzero for all =, then f(1) # f(0).” is true. If not,
i.e, f(1) = f(0), then, by the MVT, there exists ¢ € (0,1) such that f’(c) = 0.

(b) (B):“If f is even, then f’is even.” is false. Note that, by the definition,

"(—z) = lim f(y)—f(—x)
(o) = Jim =L
o 1) S
y—=—z yt+z
f2) = fl@) o,
l_m . (" f is even.)
)~ T
= —f'(z).

So f’is odd, if f is even.
(c) (C):“If f is increasing and f(x) > 0 on an interval I, then g(z) = 1/f(x) is

decreasing on I.” is true. Because, for any x; < x5 on I,

g(x1) = 1/f(z1)
< 1/f(z2) (. fisincreasing and positive ". 0 < f(z1) < f(x2).)

= g(22).
(3-11) Ans. (=22 2.

17017
To find the point on the line y = 4x + 8 that is closest to the origin, we solve the

global minimum value for the following function:

fx)=(z =0+ (y—0)?
=2 + (4v + 8)?
= 172% + 64x + 64.

i _ _ 64 _ 32 .32 ,g_ 8
Clearly, the minimum value occurs at v = —57- = =5 and y = —4 - 52 + 8 = .

(3-12) Ans. 2.
To find inflection points for the function f(z) = 2% — 1522 + 1. We compute that
f"(x) = 30z* — 15 = 15(z* — 1) = 15(x — 1)(z + 1)(z* + 1). So f"(z) = 0 if and
only if x = £1. Moreover, since f”(z) < 0 whenever x € (—1,1) and f"(z) > 0

whenever = € (—oo0, —1) or (1,00), it follows that x = £1 are inflection points.
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(3-13) Ans. (C).

(a) Let f(z) = z'/3. We compute that f”(z) = —2275/3. So f"(z) > 0 for z < 0
and f”(x) <0 for x > 0. It implies that 2 = 0 is an inflection point.

(b) Let f(z) = 3. We compute that f”(z) = 2273, So f"(z) < 0 for z < 0
and f”(x) > 0 for x > 0. It implies that 2 = 0 is an inflection point.

(c) Let f(z) = z*. We compute that f”(x) = 1222 So f"(x) > 0 for all x # 2. Tt
implies that x = 0 is Not an inflection point.

(d) Let f(x) = sin(x). We compute that f”(x) = —sinz. So f’(z) > 0 for z < 0
and f”(x) <0 for z > 0. It implies that = = 0 is an inflection point.

(3-14) Ans. Only (B) and (C) are true.
Let f(z) = cosz on the interval (7/2, 7). We compute that f'(x) = —sin(z) < 0 on
(w/2,m), which means f is decreasing on (7/2, 7). Next, we compute that f”(x) =

—cos(z) > 0 on (7/2,7), which means f is concave upward on (7/2, ).

(3-15) Ans. Only (B) and (C) are true..
Let f(z) = 2*—423410 on the interval (2, 3). We compute that f'(z) = 42°—122* =
42%(x — 3) < 0 on (2, 3), which means f is decreasing on (2,3). Next, we compute
that f”(z) = 122> —12 = 12(2*—1) > 0 on (2, 3), which means f is concave upward
on (7/2,7).

(3-16) Ans. 2.

Let y = /. We compute that % = ﬁ So dy = ﬁdm. Then at z = 4 and

3

d:z::?),vvehavedy:ﬁ-?) 1

(3-17) Ans. dy = [cos(Tx) — T sin(Tx)|dz.
Let y = x cos(7z). We compute that % = cos(7x) — Tz sin(7z). So dy = [cos(7z) —
T sin(7z)|dx.

(3-18) Anms. 3.015.

Let f(x) = +/9 —z. Then we compute that f'(z) = 2\/_91_7. So the linear approxi-

mation
(f(z) =)y = fle) + f(c)(w —c)
for the function f(z) =9 —zat c=01is
(F(2) 2y = £(0) + (O~ 0) =3 ~ £z~ )

So
V9.09 = £(—0.09) ~ 3 — é(—o.og —0) = 3.015.
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(3-19) Ans. Only (B) and (D) are true.

Let
0 itz =0,
fe) = { zsin(1) if z # 0.

Then

(a) lin% flz) = lir%xsin(%) = 0 = f(0), by squeeze theorem. Hence, f is continu-
z— z—>

ous at 0.

o1
(b) f'(0) = lin% %(5) = lir% sin(1): does not exist. Hence, f is Not differentiable
Tr—r T—
at 0.

sin(y)

(¢) Note that lim f(z) = lim zsin(1) = lim = 1. However, we can prove
T—00 T—r00

y—0t
that f(z) < 1 for all z € R. It follows that f has no global maximum value.

Note that to prove f(x) < 1 for all x € R, it suffices to prove that x sin(%) <1
for all x > 0 since f(x) = f(—=x) for any = # 0. Equivalently, it suffices to
prove that sin(1) < 2 for z > 0 orsin(t) < ¢ for t > 0 (letting t = 1/x). Indeed,
by the MVT, sin(t) — sin 0 = cos(c)(t — 0), which follows that |sint| < [¢| and
sint < t for t > 0. Hence, we obtain that f(z) <1 for all z € R.

(d) We compute that, for x # 0, f"(z) = —Sir;;g%). Hence f”(5-) =0 and f”(z) > 0

when x is slightly greater than 5~ and f”(z) < 0 when x is slightly smaller

than % It implies that % is an inflection point.

(3-20) Ans. Only (B) is false.
Let

0 if =0,
fle) = { zsin(1) if z #0.

Then
(a) Since f is continuous on [—1, 1] (see the answer given in (3-19)), the Interme-
diate Value Theorem can be applied to f.

(b) Since f is Not differentiable on the whole interval (—1,1), the Mean Value
Theorem can Not be applied to f on the interval [—1,1];

(¢) The inequality is —|z| < f(x) < |z| clear.
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smE (F9) &H

(4-1) Find the indefinite integral [ 72%sinz"dx.

(4-2) Suppose that the graph of f passes through the point (4,69) and the slope of
its tangent line at (z, f(z)) is 10x — 4. Find f(1).

n

(4-3) Write the limit lim >~ & Ax; as a definite integral [8,10], on the interval

|a[=04=1
where ¢; is any point in the i** subinterval.

(4-4) Express the limit lim Z —5 as a definite integral.

n—)OO
(4-5) Evaluate the integral ffl |22 — z2|d.
(4-6) Evaluate the integral f12 3zt + 5dr.
(4-7) Find the average value of f(x) = (zx+5) on the interval [1, 3].
(4-8) Evaluate the definite integral [ sec?(x/4)dx
(4-9) Evaluate the definite integral f037r/ ? | sin(z)|dz.

(4-10) Evaluate the definite integral f /2 , sin’(z) cos(z)dx.

(4-11) Is it true that fab flz+h)dx = ::: f(z)dz?

(4-12) Which of the following statements is false?
(A) [T sinzdx = 0;

(B) folx/l—xde:—flox/l—x2d:c;
© [ LSdo= [, =-1-1=-2

xT

(4-13) Which of the following statements is false?

(A) If f is continuous on [0,1], then [, f(z)dz = [, f(1 — z)dx;
(B) If2< f(zx) <4 for0 <z <1, ’che1r11<f0 z)dr < b;

(C) If f is continuous on [a,b], then f is integrable on [a, b].

(4-14) Suppose that f is continuous on [1,4] and f1 x)dr = 10. Which of the

following statements is always true?

(A) The average of f on the interval [1,4] is equal to 3;
(B) The maximum value of f on the interval [1,4] is less than 4;

(C) The minimum value of f on the interval [1, 4] is greater than 0;
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(4-15) Evaluate the definite integral [" T2 2l tens g
(4-16) Evaluate the definite integral f | L.
(4-17) Find the derivative of f(z) = [ 5v/1 + t2dt.

(4-18) Find the derivative of f(z) = [. Y7 sint tdt.
(4-19) Find the derivative of - [f”(z f(t )dt]
(4-20) Find f(4) if fo t)dt = x cos(mx).

(4-21) Let F(z) = fx sin(t?)dt. Find F'(x).

(4-22) The mass of part of a wire is z(1 4+ /z) kilogram, where z is measured in

(4-23) Suppose that f has a positive derivative for all values of z and that f(1) = 0.

(4-24) Suppose that F(z) = [ f(t)dt with f(t) = ft V2iu? gy Find F”(2).

(4-25) On what interval is the curve y = [ z55dt concave downward?

(D) The maximum value of f on the interval [1,4] is greater than 3.

w/2 24zt

1+a2

2

u(z)

0

meters from one end of the wire. Find the linear density of the wire when

r = 16m.

Let g(z fo t)dt. Which one of the following statements is false?

(A) g has a relative maximum at x = 1.
(B) g is a differentiable function.

(C) g has a horizontal tangent at = = 1.

+t+2

(4-1)

(4-2)

BE

Ans. —cos(z") + C.

Let y = 2”. Then dy = 72%dx. Hence [7alsina’dz = [sinydy = —cosy =
—cos(z") + C.

Ans. 6.

By definition, the tangent line of curve y = f(x) at the point (g, yo) is

Y—Y = f’(%)(ﬂj —x0) &y = f'(xo)(x — x0) + yo = f'(x0)x + (yo — zof'(20)).

Then by the condition that the slope of its tangent line at (z, f(x)) is 10z — 4,
we get that f'(xg) = 10xg — 4 for all zg. Equivalently, f’(z) = 10z — 4. Then

f(x) = 5z* — 4z + ¢ for some constant ¢ since 52 — 4x + ¢ is an antiderivative of
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10z — 4. Furthermore, by the condition that f passes through the point (4,69), i.e
f(4) = 69, we conclude that f(4) =80—16+c =69 or ¢ = 5. So f(z) = 5z*—4x+5
and hence f(1) = 6.

(4-3) Ans. f;of d.
Denote lim Z > AT; = lim Zf(cz) Ax;, where we define f(z) := 5. So

|A|—=0 ;= |A|—=0 ;=
"6 10 10 ¢
lim — Ax; = z)dx = — dx.
|A%0izl 2 3 f(@) /8 x2

(4-4) Ans. [ a'dz.
Write ) 7’1—45 as

i=1

Hence

(4-5) Ans. 4.

Since 2z — x? = (2 — z) ans

Hence

/\2.%—3:2](13:—/ \2x—:c2|da:~|—/ \2$—x2lda:+/ |22 — 2%|dx
:—/ 2x—x2d:v+/ 2x—$2d9€—/ 2r — xdx
—1 0 2

0 2 3
1 1
=1

r=—

[ - e )

(4-6) Ams. & [21%% —6%/2].
To compute ff 23v/2t +5dx, let y = 2* + 5. Then dy = (423)dx, and y = 6 if
x=1,and y = 21 if x = 2. Hence

21 21

1 1 112
Z Sudy = = V2 gy =212
4\/5 Yy 4/6 Y= dy 4{3y

njw

2
/ VI T Bde =
1

21 1
} =z [21%/% — 6%/2] .

6 y=6
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(4-7)

(4-8)

(4-9)

(4-10)

(4-11)

(4-12)

(4-13)

Ans. 49 )

The average value of f(z) = @ on the interval [1,3] is equal to

/13f(x

[ f@de 40
5—-3

fl a:)dz  We

compute

5 3
5(” 2T ) x—5/ (1+ 5z7%)dz
1

— 5[z — 52! _2 _ %0
_5[:c Sx] 5[3 3 1+5}_3.

Hence

Ans. 4.
To compute [ sec?(x/4)dx, let y = x/4. Then dy = dx /4, and y = 0 as 2 = 0, and

y =m/4 as x = m. Hence

T w/4
/0 sec’(z/4)dx = 4/0 sec?(y)dy = 4 [tan(y)]’r/4 =4(1-0) =4.

Ans. 3.
By the definition of the integral and the graph of f(x) = sin(z), we have that
fogﬂ/Q | sin(z)|dx = 3f sin(z)dz = 3[— Cos(x)];r/o =3[-0—(-1)] =3.

Ans. %

To compute fl/iz sin?(z) cos(z)dw, let y = sin(z). Then dy = cos(x)dr, and y = —1

asr = —m/2, and y =1 as x = w/2. Hence
/2 1 1 2
/ sin®(z) cos(x)dr = / Yy = Z[y,- = 5.
—7/2 -1 3 3
Ans. Ture.

Let y=x+h. Thendy =dr and y =a+hasx =a,and y =b+ h as x = b.

Hence
b+h b+h

/ fatnyde= [ fwdy= [ fla)de

a+h a+h
Ans. (C) is false.
Note, (A) is true since sinz is odd. (B) is true by the definition. (C) is false since

- is not continuous on the whole interval [—1,1].

Ans. (B) is false.
Note, (A) is true by letting y = 1 — x and by the method of change of variable

directly. (B) is false, since f(z) may not be integrable. For instance, let
2 reQ,
fz) = .
4 x e Q-

Then such f is not integrable (Check yourself by computing the lower sum and the
upper bound). Remark that the statement is true if f is assumed to be continuous
on [0,1]. (C) is true.
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(4-14)

(4-15)

(4-16)

(4-17)

(4-18)

Ans. (D) is true.
10

Note, the answer for (A) is 5. (B) may be false, e.g., letting

10 zen2
f(x)_{o € (2,4],

then f1 x)dzr = 10 but the maximum value of f on the interval [1,4] is 10. (C)
may be false, e.g., letting

-1 z€][l1,2],
flx)=< 11 z€(2,3),
0 ze (3.4,

then fl x)dz = 10 but the minimum value of f on the interval [1,4] is —1. (D)
is true. If not, then f(z) < 3. Tt follows that 10 = fl r)dr < f1 3dr =9, a

contradiction.

Ans. 0.

Since f(x) = ””;E‘}f = 2124 tanz is a product of an even function and an odd
function, f is also even. So [~ ™/ 32 gg}l‘”dx 0.

Ans. 0.

Since f(z) = {inxg =7 + ;> tan z is a product of an even function and an odd function,

f is also even. So f |22 de = 0.

142
Ans. —10xv/1 + 2*.

We compute that

— f( ) = / 5V1 + t2dt

d 2
=—— | s5V/Ited
4

_ {% / " wmdt} y [di]
= =5 [Vi+ ] (23;)”

u=x2
= —10zV1 + z4.
Ans. —2 Zsin*(271).

We compute that

dx dx
d (=
= — sin tdt
dz [,
d
= {—/ SinA‘tdt} {—xl]
U Js wep—1 LAT
=sin*(z7 ) (—27?%) = —z ?sin(z7h)



(4-19) Ans. f(v(z))v'(z) — f(u(z))v' ().
We compute that

(4-20) Ans. 1/4.
We compute that

/Om f#)dt = xcos(rx) = f(2?)(2r) = cos(nx) — z7 sin(rx).

Putting z = 2 into the above equality, we have that 4f(4) = cos(27) — 27 sin(27) =
1. So f(4) = 7

(4-21) Amns. 327 sin(29).
Let F(x) = f0x3 sin(t?)dt. We compute that F’(z) = sin((2*)?)(32?) = 322 sin(x9).

(4-22) Ans. Tkg/m.
Let the linear density of the wire at point « be f(z). Then the assumption that the
mass of part of a wire is x(1 + v/z) kilogram implies that

/f 1+ V).

It then implies that

fo) = (14 V)] = (a0

3
=14 —az/2
—1—295

Hence f(16) =1+ 324 =7.

(4-23) Ans. (A) is false.
By the condition f has a positive derivative for all Values of z, we have that f
is continuous and f’(z) > 0. So f is integrable. Let g(z fo t)dt. Then we
have that ¢'(x) = f(z), so g is differentiable, i.e., (B) is true. Moreover, since
g'(1) = f(1) = 0, we have that g has a horizontal tangent at x = 1, i.e., (C) is true.
Finally, we compute that ¢”(x) = f(z) > 0. Then ¢'(1) = 0 and ¢"(z) > 0 imply

that g has a relative minimum at x = 1. So (A) is false.

(4-24) Ans. 3[
Let F(z) = [ f(t)dt. Then we have that F'(z) = f(z). So F'(z) = f'(z).
Moreover since f(t) ftz ‘/Wdu we have that f'(t) = th Hence F"(z) =
20 Y2520 and F7(2) = 418 = VIS = 3v3.
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(4-25) Ans. (—4,0).

Lety = [ ﬁdt. We compute that ' = #;2 and
g 2@ +ar+2)—2*2e+1) 2 +4r z(r44)
Y (22 + x + 2)2 (z2+2+2)? (224 +2)?

So ¥y’ < 0 on (—4,0). That is, curve y = fom ﬁdt is concave downward on
(—4,0).
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ERE (BHRY) BE
(5-1) Evaluate lim %Xn:

1
nyoe n 2 TR/

(5-2) Find the equation of the tangent line to the curve y = z°*% at x = /2.

(5-3) Let F(z) = [, /14 + 2/dt. Find the derivative (F~1)(0).

(5-4) Find [ ln(;

(5-5) Let f(z) = [ 2204t Bvaluate lim, o f(z) =

(5-6) Find % where ze? — zy + 3y* = 0.

(5-7) Solve x for the equation arccos(y/3x) = arcsin(y/z).

(5-8) For what values of a does the curve y = ax® + €* have no inflection point?

(5-9) Let f(z) = sz — 3 and g(z) = 23. Find (f~'og™1)(1).

(5-10) If f(z) = z™, then does f~! exist?

T _ -

(5-11) Let f(z) = . Then f~Y(x) =?

BE

(5-1) Ans. Jo 11 dx = In(2).
Write

1 < 1 -
thTTJZEﬂWM

where we define ¢; = £, f(z) = Az; = . Hence

1+’

1 <& 1 L 1
lim — EE— =(In|1 =1n(2) — In(1) = In(2).
nEi”;;wam Tt = i+l =) — 1) =I(2)

(5-2) Ans. y — 1= —(In%)(x — 7).

2
cos T

(Inz)

From the equation y = (cos?) we compute that

1
y = ellno)cosz) (— cosz — (Inz)(sin x))
T

=€

1
&y =t (— cosz — (Inz)(sin m))
T

CcosxT

Hence the slope of the graph of y =« at © = m/2 is

(Z)"F. (15 ~ () (smg)) ~ Iy (;o_ () .1) — m?.

2
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(5-3)

cosxT

It follows that the equation of the tangent line to the curve y = x at x = /2 is

y—1=—(n%)(x—%) since 13! = 1.

Ans. —+.
12
Let F(z) = [ 14+ 2idt. We compute that F'(z) = —322y/14 + 2@, On the
other hand, since F(F~!(x)) = z, we have that F'(F~'(z))(F~')'(z) = 1. That is,
1
F YY) = .
0= B
S0
B 1
- FI(FH0)
Moreover, since F(1) = fll V14 + 2tdt = 0, we have that F~'(0) = 1. Then, from

above equality,

(F71)(0)

v L 1 1

Ans. 1.
Let y =Inz. Then dy = %dx, and y=0if z =1, and y =1 if z = e. Hence

€] 2 €1 !
/ _n(m )dx = 2/ ﬂdl’ = 2/ ydy = [?/2]31/:0 =1
L T 1 T 0

Ans. 2exp(—1).
Let y = V1. Thendy:ﬁdt, and y=11if ¢t =1, and y = /2 if t = x. Hence

* exp(—V/1)
RV

Hence

VT
dt = 2/1 exp(—y)dy = 2[— exp(—y)]\7) = 2[— exp(—/z)+exp(—1)]

lim /Ix Mdt = lim 2[—exp(—v/z) + exp(—1)] = 2exp(—1).

T—00 \/E T—00

e¥—y
re¥—x+6y°

By direct computation,

Ans. ¢ = —

d d
—[re¥ — e
o [ze¥ — zy + 3y7] dwO.

= e’ +aely —y—ay +3(2y)y = 0.
= (ze¥ — x4+ 6y)y’ + (¢! —y) =0

eY —y

=y =
Y xe¥y —x + 6y

Ans. r = 1/4.

Let AC = L. Then arccos(v/3z) implies that AB = v/3x L, while arcsin(y/z) implies
that BC = /L. Since AB" + BC" = AC", we have that 3zL? + zL? = L%. So
4ol = L% ie., v =1/4.
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(5-8) Anms. (B).
We compute that y' = 3az? +e® and 3y’ = 6ax +e®. Note that, as a = 0, 6ax + e =
e® > 0 for all z, which implies that y = ax® + e have no inflection point. Hence
(B) is true.

(5-9) Ans. 32.

(5-10) Amns. No.
Because when n is an even number, f(x) = 2" = (—x)" = f(—=z) for all z € R. Tt
implies that f is not one-to-one and hence f~! doesn’t exist.

(5-11) Ans. f~'(z) =In(z + Va2 + 1).

T

Let y = f(z) = ©=—. Then

fly) =« (6)
Moreover,
et —e”
YT
_ 1
=e'—e " =2y =>e"——=2
627
= e* — 1 =2ye” (multiply ¢* on both sides of = .)

= (%)’ =2y (e®) —1=0

2
=e"=y+vVy2+1 (Cy—+Vy2+1<0)
=z =In(y+Vy*+1) (7)

By (6) and (7), we have that f~'(y) (= x) = In(y + /32 + 1).

=€

31



