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問題003
If fx  sinnx

np , for n  1,2,3, and p  R. Prove that
(i) the sequence fn converges uniformly on R iff p  0.
(ii) the seriesn1

 fn converges uniformly on R iff p  1.

(i) 吳士逸的解法
() Suppose p  0.
Case1: p  0, fnx  sinnx. When x  

2 , we consider mn  2n, kn  4n  1. Then take
n  , we have mn   and kn  , this implies fmnx  0 and fknx  1. Thus fn does not
converge pointwise at x  

2 . Hence fn is not converge uniformly on R.
Case2: p  0.
If p  0, we set k  p, wirte fnx  sinnx

np  np sinnx  nk sinnx, where k  0. Take
x  

2 and m  4n  1, n  N. Then fmx  4n  1k sin2n  
2   4n  1k. Since

n  N and k  0 is given, if n large enough, fn diverge at x  
2 . Hence fn is not uniformly

converge on R.
() Given p  0, then   0, if n large enough, we have  sinnx

np  0 
1
np   for all

x  R. Then byM-test, fn converge uniformly to 0.
(ii) () Suppose that p  1. Sincefn  1

np and 1
np is p-series with p  1, it is

converge. Then byM-test, fn converge uniformly on R.
() Suppose that fn converge uniformly on R. Then for each   0 there exists N  N
such that for n  m  N,


km

n

fkx  
km

n
sinkx
kp  4

2
for all x  R.

Thus, when n  2N, we have  n2   N, where

n
2 

n
2 , if n is even
n1
2 , if n is odd,

this implies


k n

2 1

n
sinkx
kp  4

2
for all x  R.

Take x  
2n . Since 

n
2   1 

n
2 for all n,

sin 4  sinkx  sin

2 for all k  n

2  1, ,n.

Thus,


k n

2 1

n
sinkx
k  sin 4 

k n
2 1

n
1
np 

2 n
4

1
np .

We can conclude that if fn converge uniformly on R, then for each   0 there exists
N  N such that for n  2N, we have

1
np1   or limn

1
np1  0,

this implies p  1.
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