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Ifflix) = S0 forn = 1,2,3,--- and p € R. Prove that
(i) the sequence {f,} converges uniformly on R iffp > 0.
(ii) the series Z:il f» converges uniformly on R iffp > 1.

(i) AL
(=) Suppose p < 0.
Casel: p = 0, fu(x) = sinnx. When x = Z-, we consider m, = 2n, k, = 4n + 1. Then take
n — oo, we have m, — oo and k, — oo, this implies f,,,(x) = 0 and f;,(x) = 1. Thus £, does not
converge pointwise at x = Z-. Hence f, is not converge uniformly on R.
Case2: p < 0.
Ifp < 0, we set k = —p, wirte f,(x) = S22 = p7sinnx = n*sinnx, where k > 0. Take
x=Z%Zandm =4n+1,n € N. Thenf,,(x) = (4n + 1)*sin(2nn + 5) = (4n + 1)*. Since
n € Nand k > 0 is given, if n large enough, f, diverge at x = Z-. Hence f, is not uniformly
converge on R.
(<) Given p > 0, then Ve > 0, if n large enough, we have | S‘;‘% -01< n%, | < € for all
x € R. Then by M-test, f, converge uniformly to 0.

(ii) (<) Suppose thatp > 1. Since Y |f,|< D = and D) -1~ is p-series with p > 1, it is
converge. Then by M-test, Y f, converge uniformly on R.
(=) Suppose that D _ £, converge uniformly on R. Then for each ¢ > 0 there exists N € N
such that forn > m > N,
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Thus, when n > 2N, we have | 4 | > N, where

LnJ_ %, if nis even
2 =L if n is odd,

2

n

< 48 forallx e R.
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this implies
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Z T < N forall x € R.
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Take x = 3-. Since | 5 |+ 1 > 7 for all n,
. l . . E _ ﬂ
sin - Ssmlocfsm2 for all & L2J+1,...,n.

Thus,

S sinkx TN 1 J2n
Z X > sin 3 Z T > TR
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We can conclude that if Y f, converge uniformly on R, then for each & > 0 there exists
N € N such that for n > 2N, we have
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this implies p > 1.
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