
NUK Math	徵答	008	解答：
郭岳承

問題	008
Let Mn×m(R) be	the	set	of n × m real	matrices. Suppose	that A ∈ Mn×k(R) and B ∈
Mm×ℓ(R). Let T : Mk×m(R) → Mn×ℓ(R) be	defined	by

T (X) = AXB.

a. Show	that T is	a	linear	transformation.

b. Let A =

[
3 2
2 0

]
and B =

[
1 0
0 2

]
. Find	the	eigenvalues	and	eigenvectors	of T .

解	1： 王瓊誼及謝偉勃的解法：

a. ∀ X,Y ∈ Mk×m(R), c ∈ R, we	have

T (X + cY ) = A(X + cY )B = (AX + cAY )B = AXB + cAY B

= T (X) + cT (Y ).

Thus, T is	a	linear	transformation.

b. Let β =

{[
1 0
0 0

]
,

[
0 1
0 0

]
,

[
0 0
1 0

]
,

[
0 0
0 1

]}
be	ordered	basis	for M2×2(R).

Since

T

([
1 0
0 0

])
=

[
3 0
2 0

]
, T

([
0 1
0 0

])
=

[
0 6
0 4

]
,

T

([
0 0
1 0

])
=

[
2 0
0 0

]
, T

([
0 0
0 1

])
=

[
0 4
0 0

]
,

we	obtain	that

[T ]β =


3 0 2 0
0 6 0 4
2 0 0 0
0 4 0 0

 .

Now, we	find	the	eigenvalues	and	eigenvectors	of [T ]β . The	characteristic	equation	of
[T ]β is

F (λ) = det([T ]β) = 0 ⇒ (λ+ 1)(λ− 4)(λ+ 2)(λ− 8) = 0.

Hence, λ = −2,−1, 4, 8 are	eigenvalues	of [T ]β . Let Eλ = Ker ([T ]β − (λ)I). Since

E−2 = span




0
1
0
−2


 , E−1 = span




1
0
−2
0


 ,

E4 = span




2
0
1
0


 , E8 = span




0
2
0
1


 ,

we	obtain	that
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–

[
0 1
0 −2

]
is	eigenvector	corresponding	to	eigenvalue λ = −2.

–

[
1 0
−2 0

]
is	eigenvector	corresponding	to	eigenvalue λ = −1.

–

[
2 0
1 0

]
is	eigenvector	corresponding	to	eigenvalue λ = 4.

–

[
0 2
0 1

]
is	eigenvector	corresponding	to	eigenvalue λ = 8.

解	2： 求解 T 的	eigenvalues	and	eigenvectors	有一個比較快速的算法：

令 λA
1 = −1, λA

2 = 4, λB
1 = 1, λB

2 = 2, v1 =

[
1
−2

]
, v2 =

[
2
1

]
, u1 =

[
1
0

]
and

u2 =

[
0
1

]
. Then

Av1 = λA
1 v1, Av2 = λA

2 v2, u⊤
1 B = λB

1 u
⊤
1 , u⊤

2 B = λB
2 u

⊤
2 .

It	is	easy	to	check	that

T (viu
⊤
j ) = A(viu

⊤
j )B = λA

i λ
B
j (viu

⊤
j ), for 1 6 i, j 6 2.

Hence, viu
⊤
j is	eigenvector	corresponding	to	eigenvalue λA

i λ
B
j for 1 6 i, j 6 2.
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解 3： 連威翔的解法 

 










