Problem: The eigenvalues of A € C™" lie in the union of the n disks in the complex plane
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Let U be the union of # discs D,,1<isn.

If n=1,then A = (an ) has eigenvalue g,,, which lies in
U=D,={EC||z-a,|s0}={a,}

For p=2,let 4= (aﬁ EC"“” - By fundamental theorem of algebra, the characteristic
polynomial f(x)=| A-xI| hasnrootsin C.

If ) is one root of f(x)=| 4—xI |, then A is an eigenvalue of 4. We have some
eigenvector x&C", x =0 such that 4x = Ax.
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Let x={."|, by Ax=Ax, we know Eaﬁxj =Mx,i=120 o (1)
: f=1
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We can write (1) as Eaﬁxj =(A=-a,)x,i=12,..0 . (2)
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Let | x, |, as a function of ¢, has maximum at ¢ = %, which means that | x, |<| x, |, for
lsisnand i=k.
If | x, |=0 then | x,|<|x, |=0 forany 1<i<n and ; = k. That means x, =0 for any
l<i=n and then x =0 , which is a contradiction to x =9 .
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So | x, |= 0. By (2), take i = k, we have za,g.xj =(A-ay)x, - So

J= u'.#k
2 a,gx = 2 Ia,g "x
J=l, =k ek

|A-a, s 2 a,,g| 2[@9] because =<1 for j=k.
s=l.j=k |k| J= |xk|
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Now A lies in the disc D, , so it lies in {7 .

Since A can be any one root of f(x) =| 4 — xI |, we know that all the eigenvalues of

A lieiny
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Proof. Let A be an eigenvector of A and x a corresponding eigenvector, and let |x;] = max Jx.
From Ax = Ax, the kth equation gives
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Z AgiX; = (A - ﬂﬂ;)}tk.
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Applying triangle inequality, we thus have
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1A —agl < Z laggllx;l /el < Z lagl,

=L j=1,7

since [xjl/|x] < 1. It follows that A belongs to the kth disk, D; and hence is in the union of all
disks.



