NUK Math r;rFAj 014 E;’*Aj:

R 3E 014

1 a. Let A€ Myxm(R), B € M,,«,(R). Show that if A # 0 is an cigenvalue of AB then
A is an eigenvalue of BA.
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b. Let A=3I,— | | [l,---,1]. Find the eigenvalues and eigenvectors of A.
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(@)If A2 =0 isaneigenvalue of AB with respect to eigenvector v, then we have
ABv=Av (1)
Since 41 #0 and v#0, we know
Av#0 (2)

Multiplying B to the left of both sides of (1), we have

BA(Bvy=ABv) (3)
If Bv=0,then by (1) we have Av=.4Bv=A(Bv)=.40=0, contradicting to (2).
So Bvz0,and (3)tellsthat A isan eigenvalue of BA, with respect to eigenvector
Bv.
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(b) Let B=|: [1 1],then A=3l -B.Assumethat A, isan eigenvalue of B,
1

with respect to eigenvector v# 0, then we have
Av=3l, -B)v=3v-A4,v=(3-4;)v 4)
So 3-4; isaneigenvalue of A, with respect to the same eigenvector v.
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Note that Bz[l, 1] = , then we have two cases as:
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Case1: 4, #0
If A; =0, then by (a) we know that A, is also an eigenvalue of



Since [njw=nw forany vector we R\{0}, n isthe only eigenvalue of C.So we
have Az =n.
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Let v=|.?| a €R, 1<i<n bethe eigenvector of B with respectto A, =n,

a
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and let S=>a,, then

i=1
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=T = =] =S=na=na,=---=n3,>aq =a,=---=a,#0
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So the eigenvectoris v=|. |.
1
Case 2: 14, =0
8

a
Let v=|.?| a €R, 1<i<n be the eigenvector of B with respectto A, =0,
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n

and let S=>"a,.Then we have

i=1
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=017 =] |= :>S=Za,=0:>an=—(a1+a2+-~~+an_l)-
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So we have eigenvector v=|_°|= a, and all such kind of v

@+, +o+a )

form a linear space V = {aivl +aV, +-o+ an_an_1| a eR, 1<i<n —1}, where

1 0 0
0 1
v, = N,=| & |-V, =| O].Notethat v;,v,,---,v,, areindependent and
0 0 1
-1 -1 -1

generating for V , sowe get n—1 eigenvectors v,,v,,---,V, , With respect to
Ag =0.

Let 1, bean eigenvalue of A. Going back to (4), we know that
Av=A4,v=(3-15)Vv.
All possible values of A, are decided by all the values of A;.

Consider Case 1, Case 2, the eigenvalues 4, and all the n eigenvectors v of
A=3l -B are:

1 0 0
0 1
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(l)ﬂ,A=3—n, V = . '(”)//{’A=3’ V= s, N IEEE O .
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