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Res, > =lim = lim = , where ‘Res’ means residue, and
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. By residue theorem,
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J(x)= dt = 2mi =me™".
()= foq = 2y =me
(2)Choose a real number R >1 and let K, = {Rx" |0 <0 <x} .Choose the contour

C=C,={-R<t<R}UK,, then C enclose i.
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along C , then J(x) =fC1+t2 dt =f_RR1+t2dt +ﬁ<1¢ 1+¢°

The ﬁrst integral:
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because cos xt 1s an even function and S )621‘ is odd.
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Let R tends to infinity, then f le sdt =2 Ma’t and
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because K, has arc-length nR , | ™ |=1,

and |l +£|= || -1 = —1-R2—1>0=‘1 lt‘ —r - forany t€K,.
+
So J(x) = 2f cosxt{ ﬁ) CI(:-s;ct J(;)'
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Consider contour integral

Lt
J(z) = j[ ° _at,

o 1+12

with the contour C below
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We will evaluate the integral (i) by Residue theorem and (ii) in sections.

(i) Residue theorem gives, with the contour C enclosing the singularity ¢t = i only,

er,:z:t
J(:Z:) = 2L X ResiduegzL (m) ’
and since ¢ = ¢ is a simple pole,

et 2mie*
J(z) =21nx%1_131+t2(t—c) =, =me
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(ii) Evaluate J(z) in sections
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J(z) = ~dt + / = dt.
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Taking the limit R — o0,
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On I'p, t=Re® with 0 <0 <7 Thus et = ewhe” — gizR(cosf+ising)

Il

etxt = ez.:cR(cos f-+esind)
lim dt = lim / 20 Rue'do,
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and
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Since R is sufficiently large, we have
‘1 + R2e20| > ||1| —|R2e¥)| = B2 — 1.
Thus,
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Hence takeing limit as R — oo,

< cosxt
J(:z:)—2/0 T+ dt.

Combining results

> cos zt * cos zt
2/ :1: dt = e * = ST dt=£e_‘”.
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