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1 a. A€ Mpyxn(R). Show that

1 s
AZax(ATA) = max 223 . e || Az||2,
lzlla#0 [lzll2  llzll2=1

where Apnax (AT A) is the maximal eigenvalue of AT A.
Proof.

For any vector x € R" with z # 0, we have

Azxll. ”
Lacly |,
]2 lzll21l2
Let y = Ii;ilz' Then ||y||2 = 1. Hence, we have
A
¢ | Azl = max |Az|2.
lellz0 [|zll2 llzll2=1

1 .
Now we show that A2ax(ATA) = Max|y(,=1 ||Az||2. Since AT A is symmetric, there
exists an orthogonal matrix P € M, «,(R) such that

ATA = PTdiag{)1, X2, ..., M} P, (1)
where A} < Mo < -+ < A, are eigenvalues of AT A. Since P is orthogonal, we have
|Pz||2 = ||x||2 for any = € R™. From (1), we know that for any unit vector z € R" and

Yi= (yl 1 Y25- e :yn]T = P:L's we have

|Az||3 = 2T (AT A)z = 2T PTdiag{\1, A2,..., \n} Pz
= A'l’.U] =+ )\2?}2 PR T /\n_yn_ S /\'n.-

Hence, we obtain

1 1 .
||nﬁax Azl < A = )\I%IHX(AI A). (2)
9=1

Let u be a unit eigenvector of AT A corresponding to eigenvalue )\,. Then we have
1
|Aull2 = Ai. From (2), we obtain

llrlld){ [[Az||s = /\lmx(ATA)

[lz]l2=1
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