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1. Let A € M,,.,{R) be nonsingular and v € R™. Show that,
det(A + fufuT) = det(A) (1 + ‘UTA"‘I‘U) _

Ans. Since
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we have det (£, + A7 ovT) = 1407 A7 .
Thus, det(A7") det(4 +vv)=1 + v A~ 0.
That is,
det(A + vv?) = det(A)(1 +vT 47 ).
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Let AeM (R) be nonsmgular and ve R", Show that

nxn

det(d+w") = det( A1 +v74).

[Solution]:
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We express 4 as | .° |, where w,w,,...,w, arerow vectors. Let v=| | and
w, b,
bl bIVT
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use the same way to express v’ =| . [bl b, - b, ] = 2}’
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If v=| .| (zerovector),then v =0, ,and v'A7v=v"|  [=0.So we have
0 0

det(A +w") = det(4) = det(A)(L + v A™'v).




Otherwise, v has at least one nonzero component, say b, #0. So

det(A+w") =
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, where we did (n—1) row operations:

R, —R;x (%), 1<i<n,i# j atthe second equality. Using the property of

determinants, we have
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det(A+w)= w  |+| By =Wt BpT  |=del(d)+ by [
B, b, b, b,
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Since A isnonsingular, the row vectors w,w,,...,w, of 4 form a basis of R".

Sowecanfind ¢,,0,...,0, € R suchthat v" =ew, +a,w, +...+0,w, . For the last

determinat of (1), now we have
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where we did (n—1) row operations: R g

To continue (2), we have
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1<i<n,i#j atthe third equality.
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bw, —bw, bw| |w

1 n-l - 1 n-1 . .
7w =G | = ) = dett) - (3).

: : ; . .

b,w, -—bnwj bjwn w,

On the other hand, assume that

A =[u, wu, - u,],where u,u,,...,u, arecolumn vectors. By A4 =1, we

have wu, =3,

> Where 1<i,j<n and §,=1 if i=j, §;=0 if i# j. Now,

Vi, = (0w + 0w, +.. + 0w, = awu, = 0, where 1<i<n, and
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By (2),(3),(4), wehave | py"  |= det(A)v" A7'v . Put this back to (1), we have
'bn
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det(4+w") =det(4) + det(A" 47y =det(A)(1 +v"A™v) and complete the proof.
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